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SOME ASPECTS OF LARGE TIME BEHAVIOR OF
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Dedicated to Professor Michael Demuth on the occasion of his 65th birthday
Abstract. We discuss a variety of developments in the study
of large time behavior of the positive minimal heat kernel of a
time independent (not necessarily symmetric) second-order para-
bolic operator defined on a domainM ⊂ Rd, or more generally, on
a noncompact Riemannian manifold M . Our attention is mainly
focused on general results in general settings.
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1. Introduction
The large time behavior of the heat kernel of a second-order parabolic
operator has been extensively studied over the recent decades (see for
example the following monographs and survey articles [6, 11, 17, 18,
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20, 25, 29, 37, 54, 55, 57, 59, 62, 63, 64], and references therein). The
purpose of the present paper is to review a variety of developments
in this area, and to point out a number of their consequences. Our
attention is mainly focused on general results in general settings. Still,
the selection of topics in this survey is incomplete, and is according
to the author’s working experience and taste. The reference list is far
from being complete and serves only this expose´.
Let P be a general linear, second-order, elliptic operator defined on
a domain M ⊂ Rd or, more generally, on a noncompact, connected,
Riemannian manifold M of dimension d ≥ 1. Denote the cone of
all positive solutions of the equation Pu = 0 in M by CP (M). The
generalized principal eigenvalue is defined by
λ0 = λ0(P,M) := sup{λ ∈ R | CP−λ(M) 6= ∅}.
Throughout this paper we always assume that λ0 > −∞.
Suppose that λ0 ≥ 0, and consider the (time-independent) parabolic
operator
(1.1) Lu := ∂tu+ P (x, ∂x)u (x, t) ∈M × (0,∞).
We denote by HP (M × (a, b)) the cone of all nonnegative solutions of
the parabolic equation
(1.2) Lu = 0 in M × (a, b).
Let kMP (x, y, t) be the positive minimal heat kernel of the parabolic
operator L on the manifold M . By definition, for a fixed y ∈ M , the
function (x, t) 7→ kMP (x, y, t) is the minimal positive solution of the
equation
(1.3) Lu = 0 in M × (0,∞),
subject to the initial data δy, the Dirac distribution at y ∈ M . It can
be easily checked that for λ ≤ λ0, the heat kernel k
M
P−λ of the operator
P − λ on M satisfies the identity
(1.4) kMP−λ(x, y, t) = e
λtkMP (x, y, t).
So, it is enough to study the large time behavior of kMP−λ0, and therefore,
in most cases we assume that λ0(P,M) = 0. Note that the heat kernel
of the operator P ∗, the formal adjoint of the operator P onM , satisfies
the relation
kMP ∗(x, y, t) = k
M
P (y, x, t).
Here we should mention that many authors derived upper and lower
Gaussian bounds for heat kernels of elliptic operators on M := Rd,
or more generally, on noncompact Riemannian manifolds M . As a
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prototype result, let us recall the following classical result of Aronson
[6]:
Example 1.1. Let P be a second-order uniformly elliptic operator
in divergence form on Rd with real coefficients satisfying some gen-
eral boundedness assumptions. Then the following Gaussian estimates
hold:
C1(4πt)
−d/2 exp
(
−C2
|x− y|2
t
− ω1t
)
≤ kR
d
P (x, y, t)
≤ C3(4πt)
−d/2 exp
(
−C4
|x− y|2
t
+ ω2t
)
∀(x, y, t) ∈ Rd×Rd×R+.
However, since Gaussian estimates of the above type in general are
not tight as t → ∞, such bounds do not provide us with the exact
large time behavior of the heat kernel, let alone strong ratio limits of
two heat kernels.
In spite of this, and as a first and rough result concerning the large
time behavior of the heat kernel, we have the following explicit and
useful formula
(1.5) lim
t→∞
log kMP (x, y, t)
t
= −λ0.
We note that (1.5) holds in the general case, and characterizes the
generalized principal eigenvalue λ0 in terms of the large time behavior
of log kMP (x, y, t). The above formula is well known in the symmetric
case, see for example [31] and [27, Theorem 10.24]. For the proof in
the general case, see Corollary 6.1.
To get a more precise result one should introduce the notion of criti-
cality. We say that the operator P is subcritical (respectively, critical)
in M if for some x 6= y, and therefore for any x 6= y, x, y ∈M , we have
(1.6)∫ ∞
0
kMP (x, y, τ) dτ <∞
(
respectively,
∫ ∞
0
kMP (x, y, τ) dτ =∞
)
.
It follows from the above definition that, roughly speaking, the heat
kernel of a subcritical operator in M “decays” faster as t → ∞ than
the heat kernel of a critical operator in M . This rule of thumb will be
discussed in Section 8.
If P is subcritical in M , then the function
(1.7) GMP (x, y) :=
∫ ∞
0
kMP (x, y, τ) dτ
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is called the positive minimal Green function of the operator P in M .
It follows from (1.5) that for λ < λ0, the operator P−λ is subcritical
in M . Clearly, P is subcritical (respectively, critical) in M , if and only
if P ∗, is subcritical (respectively, critical) in M . Furthermore, it is well
known that if P is critical inM , then CP (M) is a one-dimensional cone,
and any positive supersolution of the equation Pu = 0 inM is in fact a
solution. In this case, the unique positive solution ϕ ∈ CP (M) is called
Agmon ground state (or in short ground state) of the operator P in M
[1, 48, 54]. We denote the ground state of P ∗ by ϕ∗.
The following example demonstrates two prototype behaviors as t→
∞ of heat kernels corresponding to two particular classical cases.
Example 1.2. 1. Let P = −∆, M = Rd, where d ≥ 1. It is well
known that λ0(−∆,Rd) = 0, and that the heat kernel is given by the
Gaussian kernel. Hence,
eλ0tkR
d
−∆(x, y, t) = k
Rd
−∆(x, y, t)
=
1
(4πt)d/2
exp
(
−|x− y|2
4t
)
∼
t→∞
t−d/2 →
t→∞
0.
So, the rate of the decay depends on the dimension, and clearly, −∆ is
critical in Rd if and only if d = 1, 2. Nevertheless, the above limit is 0
in any dimension.
2. Suppose that P is a symmetric nonnegative elliptic operator with
real and smooth coefficients which is defined on a smooth bounded do-
main M ⋐ Rd, and let {ϕn}∞n=0 be the complete orthonormal sequence
of the (Dirichlet) eigenfunctions of P with the corresponding nonde-
creasing sequence of eigenvalues {λn}
∞
n=0. Then the heat kernel has the
eigenfunction expansion
(1.8) kMP (x, y, t) =
∞∑
n=0
e−λntϕn(x)ϕn(y).
Hence,
eλ0tkMP (x, y, t) =
∞∑
n=0
e(λ0−λn)tϕn(x)ϕn(y) →
t→∞
ϕ0(x)ϕ0(y) > 0.
Therefore, the operator P−λ0 is critical inM , t
−1 log kMP−λ0(x, y, t) →t→∞
0, but kMP−λ0 does not decay as t→∞.
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3. Several explicit formulas of heat kernels of certain classical oper-
ators are included in [10, 20, 27], each of which either tends to zero or
converges to a positive function as t→∞.
The characterization of λ0 in terms of the large time behavior of the
heat kernel, given by (1.5), provides us with the asymptotic behavior
of log kMP as t → ∞ but not of k
M
P itself. Moreover, (1.5) does not
distinguish between critical and subcritical operators. In the first part
of the present article we provide a complete proof that
lim
t→∞
eλ0tkMP (x, y, t)
always exists. This basic result has been proved in two parts in [48]
and [51], and here, for the first time, we give a comprehensive and a bit
simplified proof (see also [5, 12, 28, 29, 32, 54, 60, 62, 66] and references
therein for previous and related results). We have:
Theorem 1.3 ([48, 51]). Let P be an elliptic operator defined on M ,
and assume that λ0(P,M) ≥ 0.
(i): The subcritical case: If P − λ0 is subcritical in M , then
lim
t→∞
eλ0tkMP (x, y, t) = 0.
(ii): The positive-critical case: If P −λ0 critical is in M , and
the ground states ϕ and ϕ∗ of P −λ0 and P
∗−λ0, respectively,
satisfy ϕ∗ϕ ∈ L1(M), then
lim
t→∞
eλ0tkMP (x, y, t) =
ϕ(x)ϕ∗(y)∫
M
ϕ∗(z)ϕ(z) dz
.
(iii): The null-critical case: If P − λ0 is critical in M , and
the ground states ϕ and ϕ∗ of P −λ0 and P
∗−λ0, respectively,
satisfy ϕ∗ϕ 6∈ L1(M), then
lim
t→∞
eλ0tkMP (x, y, t) = 0.
Moreover, for λ < λ0, let G
M
P−λ(x, y) be the minimal positive Green
function of the elliptic operator P − λ on M . Then the following
Abelian-Tauberian relation holds
(1.9) lim
t→∞
eλ0tkMP (x, y, t) = lim
λրλ0
(λ0 − λ)G
M
P−λ(x, y).
The outline of the present paper is as follows. In Section 2 we pro-
vide a short review of the theory of positive solutions and the basic
properties of the heat kernel. The proof of Theorem 1.3 is postponed
to Section 5 since it needs some preparation. It turns out that the
proof of the null-critical case (given in [51]) is the most subtle part of
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the proof of Theorem 1.3. It relies on the large time behaviors of the
parabolic capacitory potential and of the heat content that are studied
in Section 3, and on an extension of Varadhan’s lemma that is proved
in Section 4 (see Lemma 4.1). Section 6 is devoted to some applications
to Theorem 1.3. In particular, Corollary 6.7 seems to be new.
The next two sections deal with ratio limits. In Section 7, we discuss
the existence of the strong ratio limit
lim
t→∞
kMP (x, y, t)
kMP (x0, x0, t)
(Davies’ conjecture), and in Section 8 we deal with the conjecture that
(1.10) lim
t→∞
kMP+(x, y, t)
kMP0(x, y, t)
= 0 ∀x, y ∈M,
where P+ and P0 are respectively subcritical and critical operators in
M . Finally, in Section 9 we discuss the equivalence of heat kernels of
two subcritical elliptic operators (with the same λ0) that agree outside a
compact set. Unlike the analogous question concerning the equivalence
of Green functions, the problem concerning the equivalence of heat
kernels is still “terra incognita”. Solving this problem will in particular
enable us to study the stability of the large time behavior of the heat
kernel under perturbations.
The survey is an expanded version of a talk given by the author at
the conference “Mathematical Physics, Spectral Theory and Stochastic
Analysis” held in Goslar, Germany, September 11–16, 2011, in honor
of Professor Michael Demuth. We note that most of the results in
sections 3–6 originally appeared in [48, 51], those of Section 7 appeared
in [52], while those in sections 8–9 originally appeared in [24].
2. Preliminaries
In this section we recall basic definitions and facts concerning the
theory of nonnegative solutions of second-order linear elliptic and par-
abolic operators (for more details and proofs, see for example [54]).
Let P be a linear, second-order, elliptic operator defined in a non-
compact, connected, C3-smooth Riemannian manifold M of dimension
d. Here P is an elliptic operator with real and Ho¨lder continuous coef-
ficients which in any coordinate system (U ; x1, . . . , xd) has the form
(2.1) P (x, ∂x) = −
d∑
i,j=1
aij(x)∂i∂j +
d∑
i=1
bi(x)∂i + c(x),
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where ∂i = ∂/∂xi. We assume that for every x ∈M the real quadratic
form
(2.2)
d∑
i,j=1
aij(x)ξiξj, ξ = (ξ1, . . . , ξd) ∈ Rd
is symmetric and positive definite.
Throughout the paper we always assume that λ0(P,M) ≥ 0. In this
case we simply say that the operator P is nonnegative in M , and write
P ≥ 0 inM . So, P ≥ 0 inM if and only if the equation Pu = 0 admits
a global positive solution in M . We note that in the symmetric case,
by the Agmon-Allegretto-Piepenbrink theory [1], the nonnegativity of
P in M is equivalent to the nonnegativity of the associated quadratic
form on C∞0 (M).
We consider the parabolic operator L
(2.3) Lu = ut + Pu on M × (0,∞),
and the corresponding homogeneous equation Lu = 0 in M × (0,∞).
Remark 2.1. We confine ourselves to classical solutions. However,
since the results and the proofs throughout the paper rely on standard
elliptic and parabolic regularity, and basic properties and results of po-
tential theory, the results of the paper are also valid for weak solutions
in the case where the elliptic operator P is in divergence form
(2.4) Pu = −
d∑
i=1
∂i
[
d∑
j=1
aij(x)∂ju+ ub˜i(x)
]
+
d∑
i=1
bi(x)∂iu+ c(x)u,
with coefficients which satisfy standard local regularity assumptions
(as for example in Section 1.1 of [44]). The results are also valid in the
framework of strong solutions, where the strictly elliptic operator P is
of the form (2.1) and has locally bounded coefficients; the proofs differ
only in minor details from the proofs given here.
We write Ω1 ⋐ Ω2 if Ω2 is open, Ω1 is compact and Ω1 ⊂ Ω2. Let
f, g ∈ C(Ω) be nonnegative functions; we use the notation f ≍ g on Ω
if there exists a positive constant C such that
C−1g(x) ≤ f(x) ≤ Cg(x) for all x ∈ Ω.
Let {Mj}
∞
j=1 be an exhaustion of M , i.e. a sequence of smooth,
relatively compact domains in M such that M1 6= ∅, Mj ⋐ Mj+1 and
∪∞j=1Mj = M . For every j ≥ 1, we denoteM
∗
j = M\cl(Mj). LetM∞ =
M ∪ {∞} be the one-point compactification of M . By a neighborhood
of infinity in M we mean a neighborhood of ∞ in M∞, that is, a set of
the form M \K, where K is compact in M .
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Assume that P ≥ 0 in M . For every j ≥ 1, consider the Dirichlet
heat kernel k
Mj
P (x, y, t) of the parabolic operator L = ∂t + P in Mj .
So, for every continuous function f with a compact support in M , the
function
u(x, t) :=
∫
Mj
k
Mj
P (x, y, t)f(y) dy
solves the initial-Dirichlet boundary value problems
Lu = 0 in Mj × (0,∞),
u = 0 on ∂Mj × (0,∞),(2.5)
u = f on Mj × {0}.
By the generalized maximum principle, {k
Mj
P (x, y, t)}
∞
j=1 is an increas-
ing sequence which converges to kMP (x, y, t), the positive minimal heat
kernel of the parabolic operator L in M .
The main properties of the positive minimal heat kernel are summa-
rized in the following lemma.
Lemma 2.2. Assume that P ≥ 0 in M . The heat kernel kMP (x, y, t)
satisfies the following properties.
(1) Positivity: kMP (x, y, t) ≥ 0 for all t ≥ 0 and x, y ∈M .
(2) For any λ ≤ λ0 we have
(2.6) kMP−λ(x, y, t) = e
λtkMP (x, y, t).
(3) The heat kernel satisfies the semigroup identity
(2.7)∫
Ω
kMP (x, z, t)k
M
P (z, y, τ) dz = k
M
P (x, y, t+ τ) ∀t, τ > 0, and x, y ∈M.
(4) Monotonicity: If M1 ⊂M , and V1 ≥ V2, then
kM1P ≤ k
M
P , and k
M
P+V1 ≤ k
M
P+V2.
(5) For any fixed y ∈M (respectively x ∈ M), kMP (x, y, t) solves the
equation ut + P (x, ∂x)u = 0 (respectively ut + P
∗(y, ∂y)u = 0)
in M × (0,∞).
(6) Skew product operators: Let M = M1 ×M2 be a product of two
manifolds, and denote x = (x1, x2) ∈M = M1 ×M2. Consider
a skew product elliptic operator of the form P := P1⊗I2+I1⊗P2,
where Pi is a second-order elliptic operator on Mi satisfying the
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assumptions of the present paper, and Ii is the identity map on
Mi, i = 1, 2. Then
(2.8) kMP (x, y, t) = k
M1
P1
(x1, y1, t)k
M2
P2
(x2, y2, t).
(7) Eigenfunction expansion: Suppose that P is a symmetric ellip-
tic operator with (up to the boundary) smooth coefficients which
is defined on a smooth bounded domain M . Let {ϕn}
∞
n=0 be the
complete orthonormal sequence of the (Dirichlet) eigenfunctions
of P with the corresponding nondecreasing sequence of eigenval-
ues {λn}
∞
n=0. Then the heat kernel of P in M has the eigen-
function expansion
(2.9) kMP (x, y, t) =
∞∑
n=0
e−λntφn(x)φn(y).
(8) Let v ∈ CP (M) and v
∗ ∈ CP ∗(M). Then we have [48, 49]
(2.10)∫
M
kMP (x, y, t)v(y) dy ≤ v(x), and
∫
M
kMP (x, y, t)v
∗(x) dx ≤ v∗(y).
Moreover, (by the maximum principle) either∫
M
kMP (x, y, t)v(y) dy < v(x) ∀(x, t) ∈ M × (0,∞),
or∫
M
kMP (x, y, t)v(y) dy = v(x) ∀(x, t) ∈ M × (0,∞),
and in the latter case v is called an invariant solution of the
operator P on M (see for example [21, 26, 48, 54]).
Remark 2.3. 1. If there exists v ∈ CP (M) such that v is not invariant,
then the positive Cauchy problem
Lu = 0, u ≥ 0 on M × (0,∞), u(x, 0) = 0 x ∈M
does not admit a unique solution.
2. An invariant solution is sometimes called complete. If the constant
function is an invariant solution with respect to the heat operator,
then one says that the heat operator conserves probability, and the
corresponding diffusion process is said to be stochastically complete
[27].
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Definition 2.4. Let w be a positive solution of the equation Pu = 0
in M \K, where K ⋐ M . We say that w is a positive solution of the
equation Pu = 0 of minimal growth in a neighborhood of infinity in
M if for any v ∈ C(cl(M∗j )) which is a positive supersolution of the
equation Pu = 0 in M∗j for some j ≥ 1 large enough, and satisfies
w ≤ v on ∂M∗j , we have w ≤ v in M
∗
j [1, 48, 54].
In the subcritical (respectively, critical) case, the Green function
GMP (·, y) (respectively, the ground state ϕ) is a positive solution of the
equation Pu = 0 of minimal growth in a neighborhood of infinity in
M . Recall that if λ < λ0, then P −λ is subcritical in M . In particular,
if P is critical in M , then λ0 = 0.
Next, we recall the parabolic Harnack inequality. We denote by
Q(x0, t0, R, τ) the parabolic box
Q(x0, t0, R, θ) := {(x, t) ∈M × R | ρ(x, x0) < R, t ∈ (t0, t0 + θR2)},
where ρ is the given Riemannian metric on M . We have:
Lemma 2.5 (Harnack inequality). Let u be a nonnegative solution of
the equation Lu = 0 in Q(x0, t0, R, θ), and assume that θ > 1 and
0 < R < R0. Then
(2.11) u(x0, t0 +R
2) ≤ Cu(x, t0 + θR
2)
for every ρ(x, x0) < R/2, where C = C(L, d, R0, θ). Moreover, C varies
within bounded bounds for all θ > 1 such that 0 < ε ≤ (θ − 1)−1 ≤M .
Let v ∈ CP (M) and v
∗ ∈ CP ∗(M). Then the parabolic Harnack
inequality (2.11), and (2.10) imply the following important estimate
(2.12) kMP (x, y, t) ≤ c1(y)v(x), and k
M
P (x, y, t) ≤ c2(x)v
∗(y)
for all x, y ∈M and t > 1 (see [48, (3.29–30)]). Recall that in the crit-
ical case, by uniqueness, v and v∗ are (up to a multiplicative constant)
the ground states ϕ and ϕ∗ of P and P ∗ respectively. Moreover, it is
known that the ground state ϕ (respectively, ϕ∗) is a positive invariant
solution of the operator P (respectively, P ∗) in M . So,
(2.13)∫
M
kMP (x, y, t)ϕ(y) dy = ϕ(x), and
∫
M
kMP (x, y, t)ϕ
∗(x) dx = ϕ∗(y).
We distinguish between two types of criticality.
Definition 2.6. A critical operator P is said to be positive-critical in
M if ϕ∗ϕ ∈ L1(M), and null-critical in M if ϕ∗ϕ 6∈ L1(M).
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Remark 2.7. Let 1 be the constant function on M , taking at any
point x ∈ M the value 1. Suppose that P1 = 0. Then P is sub-
critical (respectively, positive-critical, null-critical) in M if and only if
the corresponding diffusion process is transient (respectively, positive-
recurrent, null-recurrent). For a thorough discussion of the probabilis-
tic interpretation of criticality theory, see [54].
In fact, in the critical case it is natural to use the well known (Doob)
h-transform with h = ϕ, where ϕ is the ground state of P . So,
P ϕu :=
1
ϕ
P (ϕu) and therefore kMPϕ(x, y, t) =
1
ϕ(x)
kMP (x, y, t)ϕ(y).
Clearly, P ϕ is an elliptic operator which satisfies all our assumptions.
Note that P ϕ is null-critical (respectively, positive-critical) if and only if
P is null-critical (respectively, positive-critical), and the ground states
of P ϕ and (P ϕ)∗ are 1 and ϕ∗ϕ, respectively. Moreover,
lim
t→∞
kMPϕ(x, y, t) = 0 if and only if lim
t→∞
kMP (x, y, t) = 0.
Therefore, in the critical case, we may assume that
(A) P1 = 0, and P is a critical operator in M.
It is well known that on a general noncompact manifold M , the
solution of the Cauchy problem for the parabolic equation Lu = 0 is not
uniquely determined (see for example [30] and the references therein).
On the other hand, under Assumption (A), there is a unique minimal
solution of the Cauchy problem and of certain initial-boundary value
problems for bounded initial and boundary conditions. More precisely,
Definition 2.8. Assume that P1 = 0. Let f be a bounded continuous
function on M . By the minimal solution u of the Cauchy problem
Lu = 0 in M × (0,∞),
u = f on M × {0},
we mean the function
(2.14) u(x, t) :=
∫
M
kMP (x, y, t)f(y) dy.
Note that (2.12) implies that u in (2.14) is well defined.
Definition 2.9. Assume that P1 = 0. Let B ⋐ M1 be a smooth
bounded domain such that B∗ := M \ cl(B) is connected. Assume
that f is a bounded continuous function on B∗, and g is a bounded
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continuous function on ∂B × (0,∞). By the minimal solution u of the
initial-boundary value problem
Lu = 0 in B∗ × (0,∞),
u = g on ∂B × (0,∞),(2.15)
u = f on B∗ × {0},
we mean the limit of the solutions uj of the following initial-boundary
value problems
Lu = 0 in (B∗ ∩Mj)× (0,∞),
u = g on ∂B × (0,∞),
u = 0 on ∂Mj × (0,∞),
u = f on (B∗ ∩Mj)× {0}.
Remark 2.10. It can be easily checked that the sequence {uj} is in-
deed a converging sequence which converges to a solution of the initial-
boundary value problem (2.15).
Next, we recall some results concerning the theory of positive solu-
tions of elliptic equations that we shall need in the sequel.
The first result is a Liouville comparison theorem in the symmetric
case.
Theorem 2.11 ([53]). Let P0 and P1 be two symmetric operators de-
fined on M of the form
(2.16) Pju = −m
−1
j div(mjAj∇u) + Vju j = 0, 1.
Assume that the following assumptions hold true.
(i) The operator P0 is critical in M . Denote by ϕ ∈ CP0(M) its
ground state.
(ii) P1 ≥ 0 in M , and there exists a real function ψ ∈ H
1
loc(M) such
that ψ+ 6= 0, and P1ψ ≤ 0 in M , where u+(x) := max{0, u(x)}.
(iii) The following matrix inequality holds
(2.17)
(ψ+)
2(x)m1(x)A1(x) ≤ Cϕ
2(x)m0(x)A0(x) for a.e. x ∈M,
where C > 0 is a positive constant.
Then the operator P1 is critical in M , and ψ is its ground state. In
particular, dim CP1(M) = 1 and λ0(P1,M) = 0.
In the sequel we shall also need to use results concerning small and
semismall perturbations of a subcritical elliptic operator. These notions
were introduced in [46] and [43] respectively, and are closely related to
the stability of CP (Ω) under perturbation by a potential V .
LARGE TIME BEHAVIOR OF THE HEAT KERNEL 13
Definition 2.12. Let P be a subcritical operator in M , and let V be
a real valued potential defined on M .
(i) We say that V is a small perturbation of P in M if
(2.18) lim
j→∞
{
sup
x,y∈M∗j
∫
M∗j
GMP (x, z)|V (z)|G
M
P (z, y)
GMP (x, y)
dz
}
= 0.
(ii) V is a semismall perturbation of P in M if for some x0 ∈M we
have
(2.19) lim
j→∞
{
sup
y∈M∗j
∫
M∗j
GMP (x0, z)|V (z)|G
M
P (z, y)
GMP (x0, y)
dz
}
= 0.
Recall that small perturbations are semismall [43]. For semismall
perturbations we have
Theorem 2.13 ([43, 46, 47]). Let P be a subcritical operator in M .
Assume that V = V+ − V− is a semismall perturbation of P
∗ in M
satisfying V− 6= 0, where V±(x) = max{0,±V (x)}.
Then there exists α0 > 0 such that Pα := P +αV is subcritical in M
for all 0 ≤ α < α0 and critical for α = α0.
Moreover, let ϕ be the ground state of P + α0V and let y0 be a fixed
reference point in M1. Then for any 0 ≤ α < α0
ϕ ≍ GMPα(·, y0) in M
∗
1 ,
where the equivalence constant depends on α.
3. Capacitory potential and heat content
Our first result concerning the large time behavior of positive solu-
tions is given by the following simple lemma that does not distinguish
between null-critical and positive-critical operators.
Lemma 3.1. Assume that P1 = 0 and that P is critical in M . Let
B := B(x0, δ) ⊂⊂ M be the ball of radius δ centered at x0, and suppose
that B∗ =M \ cl(B) is connected. Let w be the heat content of B∗,
i.e. the minimal nonnegative solution of the following initial-boundary
value problem
Lu = 0 in B∗ × (0,∞),
u = 0 on ∂B × (0,∞),(3.1)
u = 1 on B∗ × {0}.
Then w is a decreasing function of t, and limt→∞w(x, t) = 0 locally
uniformly in B∗.
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Proof. Clearly,
(3.2) w(x, t) =
∫
B∗
kB
∗
P (x, y, t) dy <
∫
M
kMP (x, y, t) dy = 1.
It follows that 0 < w < 1 in B∗× (0,∞). Let ε > 0. By the semigroup
identity and (3.2),
w(x, t+ ε) =
∫
B∗
kB
∗
P (x, y, t+ ε) dy =
∫
B∗
(∫
B∗
kB
∗
P (x, z, t)k
B∗
P (z, y, ε) dz
)
dy =(3.3)
∫
B∗
kB
∗
P (x, z, t)
(∫
B∗
kB
∗
P (z, y, ε) dy
)
dz <(3.4)
∫
B∗
kB
∗
P (x, z, t) dz = w(x, t).
Hence, w is a decreasing function of t, and therefore, limt→∞w(x, t) ex-
ists. We denote v(x) := limt→∞w(x, t). Note that the above argument
shows that even in the subcritical case w is a decreasing function of t.
For τ > 0, consider the function ν(x, t; τ) := w(x, t + τ), where t >
−τ . Then ν(x, t; τ) is a nonnegative solution of the parabolic equation
Lu = 0 in B∗ × (−τ,∞) which satisfies u = 0 on ∂B × (−τ,∞). By a
standard parabolic argument as τ → ∞, any converging subsequence
of this set of solutions converges locally uniformly to a solution of the
parabolic equation Lu = 0 in B∗ ×R which satisfies u = 0 on ∂B ×R.
Since limτ→∞ ν(x, t; τ) = limτ→∞w(x, τ) = v(x), the limit does not
depend on t, and v is a solution of the elliptic equation Pu = 0 in B∗,
and satisfies v = 0 on ∂B. Furthermore, 0 ≤ v < 1.
Therefore, 1 − v is a positive solution of the equation Pu = 0 in
B∗ which satisfies u = 1 on ∂B. On the other hand, it follows from
the criticality assumption that 1 is the minimal positive solution of the
equation Pu = 0 in B∗ which satisfies u = 1 on ∂B. Thus, 1 ≤ 1− v,
and therefore, v = 0. 
Definition 3.2. Let B := B(x0, δ) ⊂⊂ M . Suppose that B
∗ =
M \ cl(B) is connected. The nonnegative (minimal) solution
v(x, t) = 1−
∫
B∗
kB
∗
P (x, y, t) dy
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is called the parabolic capacitory potential of B∗. Note that v is indeed
the minimal nonnegative solution of the initial-boundary value problem
Lu = 0 in B∗ × (0,∞),
u = 1 on ∂B × (0,∞),(3.5)
u = 0 on B∗ × {0}.
Corollary 3.3. Under the assumptions of Lemma 3.1, the parabolic
capacitory potential v of B∗ is an increasing function of t, and we have
limt→∞ v(x, t) = 1 locally uniformly in B
∗.
Proof. Using an exhaustion argument it is easily verified that
(3.6) v(x, t) = 1−
∫
B∗
kB
∗
P (x, y, t) dy = 1− w(x, t),
where w is the heat content of B∗. Therefore, the corollary follows
directly from Lemma 3.1. 
4. Varadhan’s lemma
Varadhan’s celebrated lemma (see, [62, Lemma 9, p. 259] or [54,
pp. 192–193]) deals with the large time behavior of minimal solutions of
the Cauchy problem with bounded initial data (assuming that P1 = 0).
It turns out that the limit as t→∞ of such solutions might not exist,
but, under further conditions, the spacial oscillation of the solution
tends to zero as t → ∞. In the present section we slightly extend
Varadhan’s lemma (Lemma 4.1). This extended version of the lemma
is crucially used in the proof of the null-critical case in Theorem 1.3.
Varadhan proved his lemma for positive-critical operators on Rd us-
ing a purely probabilistic approach (ours is purely analytic). Our key
observation is that the assertion of Varadhan’s lemma is valid in our
general setting under the weaker assumption that the skew product
operator P¯ := P ⊗ I + I ⊗ P is critical in M¯ := M ×M , where I is
the identity operator on M . Note that if P¯ is critical in M¯ , then P is
critical in M . On the other hand, if P is positive-critical in M , then
P¯ is positive-critical in M¯ . Moreover, if P¯ is subcritical in M¯ , then by
part (i) of Theorem 1.3, the heat kernel of P¯ on M¯ tends to zero as
t→∞. Since the heat kernel of P¯ is equal to the product of the heat
kernels of its factors (see Lemma 2.2), it follows that if P¯ is subcritical
in M¯ , then limt→∞ k
M
P (x, y, t) = 0.
Consider the Riemannian product manifold M¯ = M×M . A point in
M¯ is denoted by x¯ = (x1, x2). By Pxi, i = 1, 2, we denote the operator
P in the variable xi. So, P¯ = Px1 + Px2 is in fact the above skew
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product operator defined on M¯ . We denote by L¯ the corresponding
parabolic operator.
Lemma 4.1 (Varadhan’s lemma [51]). Assume that P1 = 0. Suppose
further that P¯ is critical on M¯ . Let f be a continuous bounded function
on M , and let
u(x, t) =
∫
M
kMP (x, y, t)f(y) dy
be the minimal solution of the Cauchy problem with initial data f on
M . Fix K ⊂⊂ M . Then
lim
t→∞
sup
x1,x2∈K
|u(x1, t)− u(x2, t)| = 0.
Proof. Denote by u¯(x¯, t) := u(x1, t) − u(x2, t). Recall that the heat
kernel k¯(x¯, y¯, t) of the operator L¯ on M¯ satisfies
(4.1) k¯M¯P¯ (x¯, y¯, t) = k
M
P (x1, y1, t)k
M
P (x2, y2, t).
By (2.13) and (4.1), we have
u¯(x¯, t) = u(x1, t)− u(x2, t) =∫
M
kMP (x1, y1, t)f(y1) dy1 −
∫
M
kMP (x2, y2, t)f(y2) dy2 =∫
M
∫
M
kMP (x1, y1, t)k
M
P (x2, y2, t)(f(y1)− f(y2)) dy1 dy2 =∫
M¯
k¯M¯P¯ (x¯, y¯, t)(f(y1)− f(y2)) dy¯.
Hence, u¯ is the minimal solution of the Cauchy problem for the equa-
tion L¯w¯ = 0 on M¯ × (0,∞) with the bounded initial data f¯(x¯) :=
f(x1)− f(x2), where x¯ ∈ M¯ .
Fix a compact set K ⊂⊂ M and x0 ∈ M \ K, and let ε > 0. Let
B := B((x0, x0), δ) ⊂⊂ M¯ \ K¯, where K¯ = K × K, and δ will be
determined below. We may assume that B∗ = M¯ \ cl(B) is connected.
Then u¯ is a minimal solution of the following initial-boundary value
problem
L¯u¯ = 0 in B∗ × (0,∞),
u¯(x¯, t) = u(x1, t)− u(x2, t) on ∂B × (0,∞),(4.2)
u¯(x¯, 0) = f(x1)− f(x2) on B
∗ × {0}.
We need to prove that limt→∞ u¯(x¯, t) = 0.
By the superposition principle (which obviously holds for minimal
solutions), we have
u¯(x¯, t) = u1(x¯, t) + u2(x¯, t) on B
∗ × [1,∞),
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where u1 solves the initial-boundary value problem
L¯u1 = 0 in B
∗ × (1,∞),
u1(x¯, t) = u(x1, t)− u(x2, t) on ∂B × (1,∞),(4.3)
u1(x¯, 0) = 0 on B
∗ × {1},
and u2 solves the initial-boundary value problem
L¯u2 = 0 in B
∗ × (1,∞),
u2(x¯, t) = 0 on ∂B × (1,∞),(4.4)
u2(x¯, 0) = u(x1, 1)− u(x2, 1) on B
∗ × {1}.
Clearly, |u¯(x¯, t)| ≤ 2‖f‖∞ on M¯ × (0,∞). Note that if x¯ = (x1, x2) ∈
∂B, then onM , distM(x1, x2) ≤ 2δ. Using Schauder’s parabolic interior
estimates on M , it follows that if δ is small enough, then
|u¯(x¯, t)| = |u(x1, t)− u(x2, t)| < ε on ∂B × (1,∞).
By comparison of u1 with the parabolic capacitory potential of B
∗, we
obtain that
(4.5)
|u1(x¯, t)| ≤ ε
(
1−
∫
B∗
k¯B
∗
P¯ (x¯, y¯, t− 1) dy¯
)
< ε in B∗ × (1,∞).
On the other hand,
(4.6) |u2(x¯, t)| ≤ 2‖f‖∞
∫
B∗
k¯B
∗
P¯ (x¯, y¯, t− 1) dy¯ in B
∗ × (1,∞).
It follows from (4.6) and Lemma 3.1 that there exists T > 0 such that
(4.7) |u2(x¯, t)| ≤ ε for all x¯ ∈ K¯ and t > T.
Combining (4.5) and (4.7), we obtain that |u(x1, t)− u(x2, t)| ≤ 2ε for
all x1, x2 ∈ K and t > T . Since ε is arbitrary, the lemma is proved. 
5. Existence of limt→∞ e
λ0tkMP (x, y, t)
The present section is devoted to the proof of Theorem 1.3 which
claims that limt→∞ e
λ0tkMP (x, y, t) always exists. Without loss of gen-
erality, we may assume that λ0 = 0. For convenience, we denote by k
the heat kernel kMP of the operator P in M .
Proof of Theorem 1.3. (i) The subcritical case: Suppose that P is sub-
critical in Ω. It means that for any x, y,∈M we have
(5.1)
∫ ∞
1
k(x, y, t) dt <∞.
Let x, y ∈ Ω be fixed, and suppose that k(x, y, t) does not converge
to zero as t → ∞. Then there exist an increasing sequence tj → ∞,
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tj+1 − tj > 1, and ε > 0, such that k(x, y, tj) > ε for all j > 1. Using
the parabolic Harnack inequality (2.11), we deduce that there exists
C > 0 (C may depend on x, y,Ω, and P ) such that
(5.2)
∫ tj+1
tj
k(x, y, t) dt > Cε ∀j > 2.
But this contradicts (5.1).
(ii) The positive-critical case: Let P be a critical operator in M and
let {tj}
∞
j=1 ⊂ R be a sequence such that tj →∞, and define:
uj(x, y, t) = k(x, y, t+ tj).
Fix x0, y0 ∈M . By (2.12) we have
(5.3) uj(x, y0, t) ≤ c1(y0)ϕ(x),
(
uj(x0, y, t) ≤ c2(x0)ϕ
∗(y),
)
for all x ∈ M (y ∈ M) and t ∈ R and j > J(t). Using the parabolic
Harnack inequality and a standard Parabolic regularity argument we
may subtract a subsequence of {uj} (which we rename by {uj}) that
converges locally uniformly to a nonnegative solution u(x, y, t) of the
parabolic equations
Lu = ∂tu+ P (x, ∂x)u = 0, Lu = ∂tu+ P (y, ∂y)u = 0 in M × R.
Moreover, u satisfies the estimates
u(x, y0, t) ≤ c1(y0)ϕ(x) ∀(x, t) ∈M × R,(5.4)
u(x0, y, t) ≤ c2(x0)ϕ
∗(y) ∀(y, t) ∈M × R.(5.5)
Using the semigroup property we have for all t, τ > 0∫
M
k(x, z, τ)k(z, y, t+ tj) dz =
∫
M
k(x, z, t + tj)k(z, y, τ) dz(5.6)
= k(x, y, τ + t+ tj)(5.7)
for all j ≥ 1. On the other hand, by (2.13), the ground state ϕ
is a positive invariant solution. Consequently, for any x ∈ M and
τ > 0, k(x, ·, τ)ϕ ∈ L1(M). Similarly, for all τ > 0 and y ∈ M ,
ϕ∗k(·, y, τ) ∈ L1(M). Hence, by estimates (5.3) and the Lebesgue
dominated convergence theorem, we obtain
(5.8)∫
M
k(x, z, τ)u(z, y, t) dz =
∫
M
u(x, z, t)k(z, y, τ) dz = u(x, y, τ + t),
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where u(x, y, t) = limj→∞ k(x, y, t + tj). In particular, for τ = tj and
t = −tj we have
(5.9)∫
M
k(x, z, tj)u(z, y,−tj) dz =
∫
M
u(x, z,−tj)k(z, y, tj) dz = u(x, y, 0)
Invoking again estimates (2.12), and (5.4)–(5.5), we see that the in-
tegrands in (5.9) are bounded by C(x, y)ϕ(z)ϕ∗(z). Recall our as-
sumption that ϕ(x)ϕ∗(x) ∈ L1(M), hence, the Lebesgue dominated
convergence theorem implies
(5.10)∫
M
u(x, z, 0)uˆ(z, y, 0) dz =
∫
M
uˆ(x, z, 0)u(z, y, 0) dz = u(x, y, 0),
where
(5.11) uˆ(x, y, t) := lim
j→∞
u(x, y, t− tj),
and again we may assume that the limit in (5.11) exists.
On the other hand, by the invariance property (2.13), and estimates
(2.12), we get
(5.12)∫
M
u(x, z, τ)ϕ(z) dz = ϕ(x),
∫
M
ϕ∗(z)u(z, y, t) dz = ϕ∗(y).
In particular u(x, y, t) > 0. It follows from the Harnack inequality and
(5.10) that uˆ(x, y, t) is also positive and we have
(5.13)
∫
M
∫
M
uˆ(x, z, 0)u(z, y, 0) dzϕ(y) dy =
∫
M
u(x, y, 0)ϕ(y) dy.
Consequently, (5.12) and (5.13) imply that
(5.14)
∫
M
uˆ(x, z, 0)ϕ(z) dz = ϕ(x).
Define integral operators
(5.15)
Uf(x) :=
∫
M
uˆ(x, z, 0)f(z) dz, U∗f(y) :=
∫
M
uˆ(z, y, 0)f(z) dz.
By (5.10) and (5.14) we see that ϕ(x) and u(x, y, 0) (as a function of x)
are positive eigenfunctions of the operator U with an eigenvalue 1, and
for every x ∈ M , u(x, y, 0) is a positive eigenfunction of U∗ with an
eigenvalue 1. Moreover, for every x ∈ M , u(x, ·, 0)ϕ ∈ L1(M) and for
every x, z ∈ M , u(x, ·, 0)u(·, z, 0) ∈ L1(M). Consequently, it follows
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[48, Lemma 3.4] that 1 is a simple eigenvalue of the integral operator
U . Hence,
(5.16) u(x, y, 0) = β(y)ϕ(x).
By (5.12) and (5.16) we have
(5.17)
∫
M
ϕ∗(z)β(y)ϕ(z) dz =
∫
M
ϕ∗(z)u(z, y, 0) dz = ϕ∗(y).
Therefore, we obtain from (5.16) and (5.17) that β(y) = ϕ
∗(y)∫
M
ϕ(z)ϕ∗(z) dz
.
Thus,
(5.18) lim
j→∞
k(x, y, tj) = u(x, y, 0) =
ϕ(x)ϕ∗(y)∫
M
ϕ(z)ϕ∗(z) dz
,
and the positive-critical case is proved since the limit in (5.18) is inde-
pendent of the sequence {tj}.
(iii) The null-critical case: Without loss of generality, we may assume
that P1 = 0, where P is a null-critical operator inM . We need to prove
that
lim
t→∞
kMP (x, y, t) = 0.
As in Lemma 4.1 (Varadhan’s lemma), consider the Riemannian
product manifold M¯ := M ×M , and let P¯ = Px1 + Px2 be the corre-
sponding skew product operator which is defined on M¯ .
If P¯ is subcritical on M¯ , then by part (i), limt→∞ k¯
M¯
P¯
(x¯, y¯, t) = 0,
and since
k¯M¯P¯ (x¯, y¯, t) = k
M
P (x1, y1, t)k
M
P (x2, y2, t),
it follows that limt→∞ k
M
P (x, y, t) = 0.
Therefore, there remains to prove the theorem for the case where
P¯ is critical in M¯ . Fix a nonnegative, bounded, continuous function
f 6= 0 such that ϕ∗f ∈ L1(M), and consider the solution
v(x, t) :=
∫
M
kMP (x, y, t)f(y) dy.
Let tn →∞, and consider the sequence {vn(x, t) := v(x, t+ tn)}. As in
part (ii), up to a subsequence, {vn} converges to a nonnegative solution
u ∈ HP (M × R).
Invoking Lemma 4.1 (Varadhan’s lemma), we see that u(x, t) = α(t).
Since u solves the parabolic equation Lu = 0, it follows that α(t) is a
nonnegative constant α.
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We claim that α = 0. Suppose to the contrary that α > 0. The
assumption that ϕ∗f ∈ L1(M) and (2.13) imply that for any t > 0∫
M
ϕ∗(y)v(y, t) dy =
∫
M
ϕ∗(y)
(∫
M
kMP (y, z, t)f(z) dz
)
dy =∫
M
(∫
M
ϕ∗(y)kMP (y, z, t) dy
)
f(z) dz =
∫
M
ϕ∗(z)f(z) dz <∞.(5.19)
On the other hand, by the null-criticality, Fatou’s lemma, and (5.19)
we have
∞ =
∫
M
ϕ∗(z)α dz =
∫
M
ϕ∗(z) lim
n→∞
v(z, tn) dz ≤
lim inf
n→∞
∫
M
ϕ∗(z)v(z, tn) dz =
∫
M
ϕ∗(z)f(z) dz <∞.
Hence α = 0, and therefore
(5.20) lim
t→∞
∫
M
kMP (x, y, t)f(y) dy = lim
t→∞
v(x, t) = 0.
Now fix y ∈ M and let f := kMP (·, y, 1). Consider the minimal solu-
tion of the Cauchy problem with initial data f . So, by the semigroup
property we have
u(x, t) :=
∫
M
kMP (x, z, t)f(z) dz =∫
M
kMP (x, z, t)k
M
P (z, y, 1) dz = k
M
P (x, y, t+ 1).
In view of (2.12) (with v = 1) and (2.13), the function f is bounded
and satisfies fϕ∗ ∈ L1(M). Therefore, by (5.20) limt→∞ u(x, t) = 0.
Thus,
lim
t→∞
kMP (x, y, t) = lim
t→∞
kMP (x, y, t+ 1) = lim
t→∞
u(x, t) = 0.
The last statement of the theorem concerning the behavior of the
Green function GMP−λ(x, y) as λ→ λ0 follows from the first part of the
theorem using a classical Abelian theorem [58, Theorem 10.2]. 
6. Applications of Theorem 1.3
We discuss in this section some applications of Theorem 1.3 and
comment on related results. First we prove (1.5), which characterizes
λ0 in terms of the large time behavior of log k
M
P (x, y, t).
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Corollary 6.1 ([24]). The heat kernel satisfies
(6.1) lim
t→∞
log kMP (x, y, t)
t
= −λ0(P,M) x, y ∈M.
Proof. The needed upper bound for the validity of (6.1) follows directly
from Theorem 1.3 and (1.4).
The lower bound is obtained by a standard exhaustion argument
and Theorem 1.3 (cf. the proof of [27, Theorem 10.24]). Indeed, let
{Mj}
∞
j=1 be an exhaustion of M . Recall that since Mj is a smooth
bounded domain, the operator P −λ0(P,Mj) is positive-critical in Mj .
Therefore, Theorem 1.3, and the monotonicity of heat kernels with
respect to domains (see part 4 of Lemma 2.2) imply that
lim inf
t→∞
log kMP (x, y, t)
t
≥ lim
t→∞
log k
Mj
P (x, y, t)
t
= −λ0(P,Mj).
Since limj→∞ λ0(P,Mj) = λ0(P,M), we obtain the needed lower bound.

We now use Theorem 1.3 to strengthen Lemma 4.1. More precisely,
in the following result we obtain the large time behavior of solutions
of the Cauchy problem with initial conditions which satisfy a certain
(and in some sense optimal) integrability condition.
Corollary 6.2 ([51]). Let P be an elliptic operator of the form (2.1)
such that λ0 ≥ 0. Let f be a continuous function on M such that
v∗f ∈ L1(M) for some v∗ ∈ CP ∗(M). Let
u(x, t) =
∫
M
kMP (x, y, t)f(y) dy
be the minimal solution of the Cauchy problem with initial data f on
M . Fix K ⊂⊂ M . Then
lim
t→∞
sup
x∈K
|u(x, t)−F(x)| = 0,
where
F(x) :=


∫
M
f(y)ϕ∗(y) dy∫
M
ϕ(y)ϕ∗(y) dy
ϕ(x) if P is positive-critical in M,
0 otherwise.
Proof. Since v∗f ∈ L1(M), estimate (2.12), and the dominated conver-
gence theorem imply that
lim
t→∞
u(x, t) = lim
t→∞
∫
M
kMP (x, y, t)f(y) dy =
∫
M
lim
t→∞
[
kMP (x, y, t)f(y)
]
dy,
LARGE TIME BEHAVIOR OF THE HEAT KERNEL 23
and the claim of the corollary follows from Theorem 1.3. 
Assume now that P1 = 0 and
∫
M
kMP (·, y, t) dy = 1 (i.e. 1 is a
positive invariant solution of the operator P in M). Corollary 6.2
implies that for any j ≥ 1 and all x ∈M we have
lim
t→∞
∫
M∗j
kMP (x, y, t) dy=


∫
M∗j
ϕ∗(y) dy∫
M
ϕ∗(y) dy
if P is positive-critical in M,
1 otherwise.
Suppose further that P is not positive-critical inM , and f is a bounded
continuous function such that lim infx→∞ f(x) = ε > 0. Then
(6.2) lim inf
t→∞
∫
M
kMP (x, y, t)f(y) dy ≥ ε.
Hence, if the integrability condition of Corollary 6.2 is not satisfied,
then the large time behavior of the minimal solution of the Cauchy
problem may be complicated. The following example of W. Kirsch and
B. Simon [34] demonstrates this phenomenon.
Example 6.3. Consider the heat equation in Rd. Let Rj := ee
j
and
let
f(x) := 2 + (−1)j if Rj < sup
1≤i≤d
|xi| < Rj+1, j ≥ 1.
Let u be the minimal solution of the Cauchy problem with initial data
f . Then for t ∼ RjRj+1 one has that u(0, t) ∼ 2 + (−1)
j , and thus
u(0, t) does not have a limit. Note that by Lemma 4.1, for d = 1, u(x, t)
has exactly the same asymptotic behavior as u(0, t) for all x ∈ R.
In fact, it was proved in [56] that for the heat equation on Rd, the
following holds: for any bounded function f defined on Rd, the limit
lim
t→∞
∫
Rd
kR
d
−∆(x, y, t)f(y) dy
exists, if and only if the limit
lim
R→∞
1
|B(x,R)|
∫
B(x,R)
f(y) dy
exists. Moreover, the values of the two limits are equal. For an exten-
sion of the above result see [31]. We note that such a theorem is false
if the average value of f is taken on solid cubes.
The next three corollaries concern elliptic operators on manifolds.
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Corollary 6.4 ([12]). Let M be a noncompact complete Riemannian
manifold, and denote by ∆ the corresponding Laplace-Beltrami opera-
tor. Then
(6.3) ℓ0 := lim
t→∞
kM−∆(x, y, t) = 0
if and only if M has an infinite volume.
Proof. If M has a finite volume, then −∆ is positive-critical in M , and
by Theorem 1.3, we have ℓ0 =
(
vol(M)
)−1
> 0.
Suppose now thatM has an infinite volume. If λ0 > 0, Corollary 6.1
implies that ℓ0 = 0. On the other hand, if λ0 = 0, then since u = 1 is
a positive harmonic function which is not in L2(M), the uniqueness of
the ground state implies that −∆ is not positive-critical in M . Hence,
by Theorem 1.3 we have ℓ0 = 0. 
Before studying the next two results we recall three basic notions
from the theory of manifolds with group actions.
Definition 6.5. Let G be a group, and suppose that G acts onM . For
any real continuous function v and g ∈ G, denote by vg the function
defined by vg(x) := v(gx). Let R∗ = R \ {0} be the real multiplicative
group.
1. A nonzero real continuous function f on M is called G-multi-
plicative if there exists a group homomorphism γ : G→ R∗, such that
f(gx) = γ(g)f(x) ∀g ∈ G, x ∈M.
2. A G-group action on M is compactly generating if there exists
K ⋐ M such that GK = M (see [38]).
3. The operator P is said to be G-equivariant if
P [ug] = (P [u])g ∀g ∈ G.
Corollary 6.6 (cf. [12]). Suppose that a noncompact manifold M is a
covering of a compact Riemannian manifold, and consider the Laplace-
Beltrami operator ∆ on M . Then
(6.4) ℓ := lim
t→∞
eλ0tkM−∆(x, y, t) = 0.
In particular, −∆− λ0 is not positive-critical in M .
Proof. Suppose that ℓ > 0. By Theorem 1.3, the operator −∆ − λ0 is
positive-critical inM , and in particular, the ground state ϕ is in L2(M).
The uniqueness of the ground state implies that ϕ is G-multiplicative,
where G is the deck transformation. But this contradicts the assump-
tion that ϕ ∈ L2, since G is an infinite Group. 
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The following corollary deals with manifolds with group actions and
general equivariant operators, without any assumption on the growth
of the acting groups. It generalizes Corollary 6.6, and seems to be new.
Corollary 6.7. LetM be a noncompact manifold, and let G be a group.
Suppose that G acts on M , and that the G-group action on M is com-
pactly generating. Assume that P is a G-equivariant second-order ellip-
tic operator of the form (2.1) which is defined on M . Suppose further
that any nonzero G-multiplicative C2,α-function is not integrable on M .
Then
(6.5) ℓ := lim
t→∞
eλ0tkMP (x, y, t) = 0.
Proof. Suppose that ℓ > 0. By Theorem 1.3, the operator P −λ0 is
positive-critical in M . In particular, dim CP−λ0(M)=dim CP ∗−λ0(M) =
1. By the uniqueness of the ground state, it follows that the corre-
sponding ground states ϕ and ϕ∗ are G-multiplicative. Therefore, their
product ϕϕ∗ is also G-multiplicative, and we arrived at a contradiction
since by our assumption a nonzero G-multiplicative C2,α-function is
not integrable on M . 
Remark 6.8. 1. Corollary 6.7 clearly applies to the case where M is
a regular covering of a compact Riemannian manifold, and G is the
corresponding deck transformation. In fact, in this case, by [38, The-
orem 5.17], the product of the ground states is a positive G-invariant
function, and therefore it is not integrable on M .
2. Corollary 6.7 applies in particular to the case where P is defined on
Rd, and P is Zd-equivariant (that is, P has Zd-periodic coefficients). In
this case it is known that P −λ0 is (null)-critical if and only if d = 1, 2.
For further related results, see [38].
Finally, let us introduce an important subclass of elliptic operators
P such that P − λ0 is positive-critical in M .
Definition 6.9. Assume that P is symmetric and P − λ0 is positive-
critical in M with a ground state ϕ satisfying the normalization con-
dition ‖ϕ‖L2(M) = 1. Let T
M
P (t) be the corresponding (Dirichlet) semi-
group on L2(M) generated by P . We say that TMP (t) is intrinsically
ultracontractive if for any t > 0 there exists a positive-constant Ct such
that
0 ≤ eλ0tkMP (x, y, t) ≤ ctϕ(x)ϕ(y) ∀x, y ∈ M.
Example 6.10. If M is a smooth bounded domain and P := −∆,
then the semigroup TMP (t) is intrinsically ultracontractive on L
2(M).
Also, let M := Rd and P := −∆ + (1 + |x|2)α/2, where α ∈ R. Then
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TMP (t) is intrinsically ultracontractive on L
2(M) if and only if α > 2
(see also [20, 44] and references therein).
It turns out that in the intrinsically ultracontractive case the rate
of the convergence (as t → ∞) of the h-transformed heat kernel is
uniformly exponentially fast.
Theorem 6.11 ([20, Theorem 4.2.5]). Assume that P is symmetric
and subcritical in M , and suppose that TMP (t) is intrinsically ultra-
contractive on L2(M). Then there exists a complete orthonormal set
{ϕj}
∞
j=0 in L
2(M) such that ϕ0 = ϕ, and for any j ≥ 0 the function
ϕj is an eigenfunction of the Friedrichs extension of the operator P
with eigenvalue λj, where {λj} is nondecreasing. Moreover, the heat
kernel has the eigenfunction expansion (2.9), and there exist positive-
constants C and δ such that∣∣∣∣eλ0t kMP (x, y, t)ϕ0(x)ϕ0(y) − 1
∣∣∣∣ ≤ Ce−δt ∀x, y ∈M, t > 1.
Furthermore, for any ε > 0 the series
eλ0t
kMP (x, y, t)
ϕ0(x)ϕ0(y)
=
∞∑
n=0
e−λnt
ϕn(x)ϕn(y)
ϕ0(x)ϕ0(y)
converges uniformly on M ×M × [ε,∞).
Remark 6.12. Murata [45] proved that if TMP (t) is intrinsically ultra-
contractive on L2(M), then 1 is a small perturbation of P in M . In
particular, for any n ≥ 0 the function ϕn/ϕ0 is bounded, and has a
continuous extension up to the Martin boundary of M (with respect
to P ) [50]. On the other hand, an example of Ban˜uelos and Davis in
[7] gives us a finite area domain M ⊂ R2 such that 1 is a small pertur-
bation of the Laplacian in M , but the corresponding semigroup is not
intrinsically ultracontractive.
Remark 6.13. In the null-recurrent case, the heat kernel may decay
very slowly as t → ∞, and one can construct a complete Riemannian
manifold M such that all its Riemannian products M j , j ≥ 1 are null-
recurrent with respect to the Laplace-Beltrami operator on M j (see
[19]).
7. Davies’ conjecture concerning strong ratio limit
Having proved in Section 5 that limt→∞ e
λ0tkMP (x, y, t) always exists,
we next ask how fast this limit is approached. It is natural to conjecture
that the limit is approached equally fast for different points x, y ∈ M .
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Note that in the context of Markov chains, such an (individual) strong
ratio limit property is in general not true [13]. The following conjecture
was raised by E. B. Davies [22] in the selfadjoint case.
Conjecture 7.1 (Davies’ conjecture). Let Lu = ut + P (x, ∂x)u be
a parabolic operator which is defined on a noncompact Riemannian
manifold M , and assume that λ0(P,M) ≥ 0. Fix a reference point
x0 ∈M . Then
(7.1) lim
t→∞
kMP (x, y, t)
kMP (x0, x0, t)
= a(x, y)
exists and is positive for all x, y ∈M .
The aim of the present section is to discuss Conjecture 7.1 and closely
related problems, and to obtain some results under minimal assump-
tions. Since, the conjecture does not depend on the value of λ0, we
assume throughout the present section that λ0 = 0.
Conjecture 7.1 was recently disproved by G. Kozma [35] in the dis-
crete setting:
Theorem 7.2 (Kozma [35]). There exists a connected graph G with
bounded weights and two vertices x, y ∈ G such that
(7.2) lim
n→∞
k(x, x, n)
k(y, y, n)
does not exist, where k is the heat kernel of the lazy random walk such
that the walker, at every step, chooses with probability 1/2 to stay in
place, and with probability 1/2 to move to one of the neighbors (with
probability proportional to the given weights).
In addition, Kozma indicates in [35] how the construction might be
carried out in the category of Laplace-Beltrami operators on manifolds
with bounded geometry. As noted in [35], the bounded weights prop-
erty in the graph’s setting is the analogue to the bounded geometry
property in the manifold setting, a property that in fact was not as-
sumed in Davies’ conjecture. We note that in Kozma’s example the
ratio k(x,x,n)
k(y,y,n)
is bounded between two constants that are independent of
t.
Nevertheless, as we show below, there are many situations where
Conjecture 7.1 holds true.
Remark 7.3. 1. Theorem 1.3 implies that Conjecture 7.1 holds true in
the positive-critical case, therefore, we assume throughout the present
section that P is not positive-critical.
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2. We also note that if P is symmetric, then the conjecture holds if
(7.3) dim CP−λ0(M) = 1,
(i.e. in the “Liouvillian” case) see [4, Corollary 2.7]. In particular,
it holds true for critical selfadjoint operators. It also holds for the
Laplace-Beltrami operator on a complete Riemannian manifold of di-
mension d with nonnegative Ricci curvature [22].
3. Recently Agmon [2] obtained the exact asymptotics (in (x, y, t))
of the heat kernel for a Zd-periodic (non-selfadjoint) operator P on
Rd, and for an equivariant operator P defined on abelian cocompact
covering manifold M . In particular, it follows from Agmon’s results
that Conjecture 7.1 holds true in these cases. Note that in these cases
(and even in the case of nilpotent cocompact covering) it is known [38]
that
(7.4) dim CP−λ0(M) = dim CP ∗−λ0(M) = 1.
4. For other particular cases where the conjecture holds true see
[4, 10, 14, 15, 22, 65].
Remark 7.4. It would be interesting to prove Conjecture 7.1 at least
under the assumption
(7.5) dim CP−λ0(M) = dim CP ∗−λ0(M) = 1,
which holds true in the critical case and in many important subcritical
(Liouvillian) cases. For a probabilistic interpretation of Conjecture 7.1,
see [4].
Remark 7.5. Let tn → ∞. By a standard parabolic argument, we
may extract a subsequence {tnk} such that for every x, y ∈ M and
s < 0
(7.6) a(x, y, s) := lim
k→∞
kMP (x, y, s+ tnk)
kMP (x0, y0, tnk)
exists. Moreover, a(·, y, ·) ∈ HP (M×R−), and a(x, ·, ·) ∈ HP ∗(M×R−).
Note that in the selfadjoint case, we can extract a subsequence {tnk}
such that the limit function a satisfies a(·, y, ·) ∈ HP (M × R) [52].
Remark 7.6. Consider the complete (two-dimensional) Riemannian
manifold M that is constructed in [49]. Then M does not admit non-
constant positive harmonic functions, λ0(−∆,M) = 0. Nevertheless,
the heat operator does not admit any λ0-invariant positive solution. In
particular, M is stochastically incomplete (this construction disproves
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Stroock’s conjecture concerning the existence of a λ0-invariant positive
solution).
On the other hand, since M is Liouvillian, Remark 7.3 implies that
Conjecture 7.1 holds true on M . Hence, the limit function
(7.7) a(x, y) := lim
t→∞
kM−∆(x, y, t)
kM−∆(x0, x0, t)
(which equals to the constant function 1) is not a λ0-invariant posi-
tive solution. Compare this with [22, Theorem 25] and the discussion
therein above Lemma 26. In particular, it follows that the function
µ(x) := sup
{√
KMP (x, x, t)
KMP (x0, x0, t)
∣∣∣ 1 ≤ t <∞
}
is not slowly increasing in the sense of [22].
Suppose that P is symmetric (and λo = 0). Using (2.9) and a stan-
dard exhaustion argument, it follows [22] that for a fixed x ∈ M , the
function t 7→ kMP (x, x, t) is a nonincreasing log-convex function, and
therefore, a polarization argument implies that the following strong
ratio property holds true.
(7.8) lim
t→∞
kMP (x, y, t+ s)
kMP (x, y, t)
= 1 ∀x, y ∈M, s ∈ R.
In the nonsymmetric case, Corollary 6.1 and the parabolic Harnack
inequality imply:
Lemma 7.7 ([52]). For every x, y ∈M and s ∈ R, we have that
(7.9) lim inf
t→∞
kMP (x, y, t+ s)
kMP (x, y, t)
≤ 1 ≤ lim sup
t→∞
kMP (x, y, t+ s)
kMP (x, y, t)
.
In particular, if limt→∞[k
M
P (x, y, t + s)/k
M
P (x, y, t)] exists, it equals to
1.
Remark 7.8. If there exist x0, y0 ∈M and 0 < s0 < 1 such that
(7.10) M(x0, y0, s0) := lim sup
t→∞
kMP (x0, y0, t+ s0)
kMP (x0, y0, t)
<∞,
then by the parabolic Harnack inequality, for all x, y, z, w ∈ K ⊂⊂ M ,
t > 1, we have the following Harnack inequality of elliptic type:
(7.11) kMP (z, w, t) ≤ C1k
M
P (x0, y0, t+
s0
2
) ≤
C2k
M
P (x0, y0, t−
s0
2
) ≤ C3k
M
P (x, y, t).
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Similarly, (7.10) implies that for all x, y ∈M and r ∈ R:
0 < m(x, y, r) := lim inf
t→∞
kMP (x, y, t+ r)
kMP (x0, y0, t)
≤
lim sup
t→∞
kMP (x, y, t+ r)
kMP (x0, y0, t)
=M(x, y, r) <∞.
Note that (7.10) is obviously satisfied in the symmetric case, and con-
sequently (7.11) holds true [20, Theorem 10].
It turns out that the validity of the strong limit property (7.8) (in
the nonsymmetric case) implies the validity of Davies’ conjecture if in
addition (7.5) is satisfied. We have:
Lemma 7.9 ([52]). (a) The following assertions are equivalent:
(i) For each x, y ∈ M there exists a sequence sj → 0 of negative
numbers such that for all j ≥ 1, and s = sj, we have
(7.12) lim
t→∞
kMP (x, y, t+ s)
kMP (x, y, t)
= 1.
(ii) The ratio limit in (7.12) exists for any x, y ∈M and s ∈ R.
(iii) Any limit function u(x, y, s) of the quotients
kM
P
(x,y,tn+s)
kM
P
(x0,x0,tn)
with
tn →∞ does not depend on s and has the form u(x, y), where u(·, y) ∈
CP (M) for every y ∈M and u(x, ·) ∈ CP ∗(M) for every x ∈M .
(b) If one assumes further that (7.5) is satisfied, then Conjecture 7.1
holds true.
Moreover, Conjecture 7.1 holds true if M $ Rd is a smooth un-
bounded domain, P and P ∗ are (up to the boundary) smooth operators,
(7.12) holds true, and
(7.13) dim C0P (M) = dim C
0
P ∗(M) = 1,
where C0P (M) denotes the cone of all functions in CP (M) that vanish
on ∂M .
Proof. (a) By Lemma 7.7, if the limit in (7.12) exists, then it is 1.
(i)⇒ (ii). Fix x0, y0 ∈M , and take s0 < 0 for which the limit (7.12)
exists. It follows that any limit solution u(x, y, s) ∈ HP (M × R−)
of a sequence
{kMP (x,y,tn+s)
kM
P
(x0,y0,tn)
}
with tn → ∞ satisfies u(x0, y0, s + s0) =
u(x0, y0, s) for all s < 0. So, u(x0, y0, ·) is s0-periodic. It follow from
our assumption and the continuity of u that u(x0, y0, ·) is the constant
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function. Since this holds for all x, y ∈M and u, it follows that (7.12)
holds for any x, y ∈M and s ∈ R.
(ii) ⇒ (iii). Fix y ∈ M . By Remark 7.5, any limit function u of the
sequence
{kM
P
(x,y,tn+s)
kM
P
(x0,x0,tn)
}
with tn →∞ belongs to HP (M × R−). Since
(7.14)
kMP (x, y, t+ s)
kMP (x0, x0, t)
=
kMP (x, y, t)
kMP (x0, x0, t)
kMP (x, y, t+ s)
kMP (x, y, t)
,
(7.12) implies that such a u does not depend on s. Therefore, u =
u(x, y), where u(·, y) ∈ CP (M) and u(x, ·) ∈ CP ∗(M).
(iii) ⇒ (i). Write
(7.15)
kMP (x, y, t+ s)
kMP (x, y, t)
=
kMP (x, y, t+ s)
kMP (x0, x0, t)
kMP (x0, x0, t)
kMP (x, y, t)
.
Let tn → ∞ be a sequence such that the sequence
{kM
P
(x,y,tn+s)
kM
P
(x0,x0,tn)
}
con-
verges to a solution in HP (M × R−). By our assumption, we have
lim
n→∞
kMP (x, y, tn + s)
kMP (x0, x0, tn)
= lim
n→∞
kMP (x, y, tn)
kMP (x0, x0, tn)
= u(x, y) > 0,
which together with (7.15) implies (7.12) for all s ∈ R.
(b) The uniqueness and (iii) imply that
kM
P
(x,y,t+s)
kM
P
(x0,x0,t)
→ u(x)u
∗(y)
u(x0)u∗(x0)
, where
u ∈ CP (M) and u
∗ ∈ CP ∗(M), and Conjecture 7.1 holds. 
Remark 7.10. Assume that one of the assumptions of part (a) of
Lemma 7.9 is satisfied. Then by the lemma, any limit function of the
sequence
{kMP (x,y,tn+s)
kM
P
(x0,x0,tn)
}
is of the form a(x, y), where for every y ∈ M ,
the function a(·, y) ∈ CP (M), and a(x, ·) ∈ CP ∗(M) for every x ∈ M .
But in general, a(x, y) does not need to be a product of solutions of
the equations Pu = 0 and P ∗u = 0, as is demonstrated in [15], in the
hyperbolic space, and in [52, Example 4.2].
In the null-critical case we have:
Lemma 7.11 ([52]). Suppose that P is null-critical, and for each x, y ∈
M there exists a sequence {sj} of negative numbers such that sj → 0,
and
(7.16) lim inf
t→∞
kMP (x, y, t+ s)
kMP (x, y, t)
≥ 1
for s = sj, j = 1, 2, . . . . Then Conjecture 7.1 holds true.
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Proof. Let u(x, y, s) be a limit function of a sequence
{kMP (x,y,tn+s)
kM
P
(x0,x0,tn)
}
with tn →∞ and s < 0. By our assumption, u(x, y, s+sj) ≥ u(x, y, s),
and therefore, us(x, y, s) ≤ 0 for all s < 0. Thus, u(·, y, s) (respect.,
u(x, ·, s)) is a positive supersolution of the equation Pu = 0 (respect.,
P ∗u = 0) in M. Since P is critical, it follows that u(·, y, s) ∈ CP (M)
(respect., u(x, ·, s) ∈ CP ∗(M)), and hence us(x, y, s) = 0. By the
uniqueness, u equals to ϕ(x)ϕ
∗(y)
ϕ(x0)ϕ∗(x0)
, and Conjecture 7.1 holds true. 
The large time behavior of quotients of the heat kernel is obviously
closely related to the parabolic Martin boundary (for the parabolic
Martin boundary theory see [16, 23, 45]). The next result relates Con-
jecture 7.1 and the parabolic Martin compactification of HP (M ×R−).
Theorem 7.12 ([52]). Assume that (7.10) holds true for some x0, y0 ∈
M , and s0 > 0. Then the following assertions are equivalent:
(i) Conjecture 7.1 holds true for a fixed x0 ∈M .
(ii)
(7.17) lim
t→∞
kMP (x, y, t)
kMP (x1, y1, t)
exists, and the limit is positive for every x, y, x1, y1 ∈M .
(iii)
(7.18) lim
t→∞
kMP (x, y, t)
kMP (y, y, t)
, and lim
t→∞
kMP (x, y, t)
kMP (x, x, t)
exist, and these ratio limits are positive for every x, y ∈M .
(iv) For any y ∈ M there is a unique nonzero parabolic Martin bound-
ary point y¯ for the equation Lu = 0 in M × R which corresponds to
any sequence of the form {(y,−tn)}
∞
n=1 such that tn →∞, and for any
x ∈M there is a unique nonzero parabolic Martin boundary point x¯ for
the equation ut+P
∗u = 0 in M ×R which corresponds to any sequence
of the form {(x,−tn)}
∞
n=1 such that tn →∞.
Moreover, if Conjecture 7.1 holds true, then for any fixed y ∈M (re-
spect., x ∈ M), the limit function a(·, y) (respect., a(x, ·)) is a positive
solution of the equation Pu = 0 (respect., P ∗u = 0). Furthermore, the
Martin functions of part (iv) are time independent, and (7.12) holds
for all x, y ∈M and s ∈ R.
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Proof. (i) ⇒ (ii) follows from the identity
kMP (x, y, t)
kMP (x1, y1, t)
=
kMP (x, y, t)
kMP (x0, x0, t)
·
(
kMP (x1, y1, t)
kMP (x0, x0, t)
)−1
.
(ii) ⇒ (iii). Take x1 = y1 = y and x1 = y1 = x, respectively.
(iii) ⇒ (iv). It is well known that the Martin compactification does
not depend on the fixed reference point x0. So, fix y ∈ M and take it
also as a reference point. Let {−tn} be a sequence such that tn → ∞
and such that the Martin sequence
{kM
P
(x,y,t+tn)
kM
P
(y,y,tn)
}
converges to a Martin
function KMP (x, y¯, t). By our assumption, for any t we have
lim
n→∞
kMP (x, y, t+ tn)
kMP (y, y, t+ tn)
= lim
τ→∞
kMP (x, y, τ)
kMP (y, y, τ)
= b(x) > 0,
where b does not depend on the sequence {−tn}. On the other hand,
lim
n→∞
kMP (y, y, t+ tn)
kMP (y, y, tn)
= KMP (y, y¯, t) = f(t).
Since
kMP (x, y, t+ tn)
kMP (y, y, tn)
=
kMP (x, y, t+ tn)
kMP (y, y, t+ tn)
·
kMP (y, y, t+ tn)
kMP (y, y, tn)
,
we have
KMP (x, y¯, t) = b(x)f(t).
By separation of variables, there exists a constant λ such that
Pb− λb = 0 on M, f ′ + λf = 0 on R, f(0) = 1.
Since b does not depend on the sequence {−tn}, it follows in particular,
that λ does not depend on this sequence. Thus, limτ→∞
kMP (y,y,t+τ)
kM
P
(y,y,τ)
=
f(t) = e−λt. Lemma 7.7 implies that λ = 0. It follows that b is a
positive solution of the equation Pu = 0, and
(7.19) KMP (x, y¯, t) = lim
τ→−∞
kMP (x, y, t− τ)
kMP (y, y,−τ)
= b(x).
The dual assertion can be proved similarly.
(iv) ⇒ (i). Let KMP (x, y¯, t) be the Martin function given in (iv), and
s0 > 0 such that K
M
P (x0, y¯, s0/2) > 0. Consequently, K
M
P (x, y¯, s) > 0
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for s ≥ s0. Using the substitution τ = s+ s0 we obtain
(7.20) lim
τ→∞
kMP (x, y, τ)
kMP (x0, x0, τ)
= lim
s→∞
{
kMP (x, y, s+ s0)
kMP (y, y, s)
×
kMP (y, y, s)
kMP (x0, y, s+ 2s0)
kMP (x0, y, s+ 2s0)
kMP (x0, x0, s+ s0)
}
=
KMP (x, y¯, s0)K
M
P ∗(x0, y, s0)
KMP (x0, y¯, 2s0)
.
The last assertion of the theorem follows from (7.19) and Lemma 7.9.

Finally we mention a problem which was raised by Burdzy and Sal-
isbury [9] for P = −∆ and M⊂ Rd.
Question 7.13 ([52]). Assume that λ0 = 0. Determine which minimal
functions (in the sense of Martin’s boundary) in CP (M) are minimal
in HP (M× R−). In particular, is it true that in the critical case, the
ground state ϕ is minimal in HP (M× R−)?
8. Comparing decay of critical and subcritical heat
kernels
In this section we are concerned with the large time behavior of
the heat kernel kMP with regards to the criticality versus subcriticality
property of the operator P . Since for any fixed x, y ∈ M , x 6= y,
we have that kMP (x, y, ·) ∈ L
1(R+) if and only if P is subcritical, it is
natural to conjecture that under some assumptions the heat kernel of
a subcritical operator P+ in M decays (in time) faster than the heat
kernel of a critical operator P0 in M . Hence, our aim is to discuss the
following conjecture in general settings.
Conjecture 8.1 ([24]). Let P+ and P0 be respectively subcritical and
critical operators in M . Then
(8.1) lim
t→∞
kMP+(x, y, t)
kMP0(x, y, t)
= 0
locally uniformly in M ×M .
Conjecture 8.1 was stimulated by the following conjecture of D. Kr-
ejcˇiˇr´ık and E. Zuazua [36]:
Let P+ and P0 be, respectively, selfadjoint subcritical and critical
operators defined on L2(M, dx). Then
(8.2) lim
t→∞
‖e−P+t‖L2(M,W dx)→L2(M,dx)
‖e−P0t‖L2(M,W dx)→L2(M,dx)
= 0
for some positive weight function W .
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Remark 8.2. Theorem 1.3 implies that Conjecture 8.1 obviously holds
true if P0 is positive-critical. Moreover, by Corollary 6.1 the conjecture
also holds true if λ0(P+,M) > 0. Therefore, throughout this section
we assume that λ0(P+,M) = 0, and P0 is null-critical in M .
Example 8.3. In [41] M. Murata obtained the exact asymptotic for
the heat kernels of nonnegative Schro¨dinger operators with short-range
(real) potentials defined on Rd, d ≥ 1. In particular, [41, theorems 4.2
and 4.4] imply that Conjecture 8.1 holds true for such operators.
The following theorem deals with the symmetric case.
Theorem 8.4 ([24]). Let the subcritical operator P+ and the critical
operator P0 be symmetric in M of the form
(8.3) Pu = −m−1div(mA∇u) + V u.
Assume that A+ and A0, the sections on M of End(TM), and the
weights m+ and m0, corresponding to P+ and P0, respectively, satisfy
the following matrix inequality
(8.4) m+(x)A+(x) ≤ Cm0(x)A0(x) for a.e. x ∈M,
where C is a positive constant. Assume further that for some fixed y1 ∈
M there exists a positive constant C satisfying the following condition:
for each x ∈M there exists T (x) > 0 such that
(8.5) kMP+(x, y1, t) ≤ Ck
M
P0
(x, y1, t) ∀t > T (x).
Then
(8.6) lim
t→∞
kMP+(x, y, t)
kMP0(x, y, t)
= 0
locally uniformly in M ×M .
Proof. Recall that in light of Remark 8.2 we assume that λ0(P+,M) =
0. Suppose to the contrary that for some x0, y0 ∈ M there exists a
sequence {tn} such that tn →∞, and
(8.7) lim
n→∞
kMP+(x0, y0, tn)
kMP0(x0, y0, tn)
= K > 0.
Consider the sequence of functions {un}
∞
n=1 defined by
un(x, s) :=
kMP+(x, y0, tn + s)
kMP0(x0, y0, tn)
x ∈M, s ∈ R.
We note that
un(x, s) =
kMP+(x, y0, tn + s)
kMP+(x0, y0, tn)
×
kMP+(x0, y0, tn)
kMP0(x0, y0, tn)
.
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Therefore, by assumption (8.7) and Remark 7.5 it follows that we may
subtract a subsequence which we rename by {un} such that
lim
n→∞
un(x, s) = u+(x, s),
where u+ ∈ HP+(M × R) and u+ 	 0.
On the other hand,
vn(x) :=
kMP+(x, y0, tn)
kMP0(x0, y0, tn)
= un(x, s)
kMP+(x, y0, tn)
kMP+(x, y0, tn + s)
.
By our assumption, λ0(P+,M) = 0 and P+ is symmetric, therefore
(7.8) implies that
lim
n→∞
kMP+(x, y0, tn)
kMP+(x, y0, tn + s)
= 1.
Therefore,
lim
n→∞
vn(x) = lim
n→∞
un(x, s) = u+(x, s),
and u+ does not depend on s, and hence u+ is a positive solution of
the elliptic equation P+u = 0 in M and we have
(8.8) lim
n→∞
kMP+(x, y0, tn)
kMP0(x0, y0, tn)
= u+(x).
On the other hand, by Remark 7.3 we have
(8.9) lim
n→∞
kMP0(x, y0, tn)
kMP0(x0, y0, tn)
=
ϕ(x)
ϕ(x0)
=: u0(x),
where ϕ is the ground state of P0.
Combining (8.8) and (8.9), we obtain
lim
n→∞
kMP+(x, y0, tn)
kMP0(x, y0, tn)
= lim
n→∞


kMP+
(x,y0,tn)
kM
P0
(x0,y0,tn)
kM
P0
(x,y0,tn)
kM
P0
(x0,y0,tn)

 =
u+(x)
u0(x)
.(8.10)
On the other hand, by assumption (8.5) and the parabolic Harnack
inequality there exists a positive constant C1 which depends on P+,
P0, y0, and y1 such that
(8.11) C−11 k
M
P+
(x, y0, t− 1) ≤ k
M
P+
(x, y1, t)
≤ CkMP0(x, y1, t) ≤ CC1k
M
P0(x, y0, t+ 1) ∀x ∈M, t > T (x).
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Moreover, by (7.8) we have
(8.12)
lim
t→∞
kMP+(x, y0, t− 1)
kMP+(x, y0, t)
= 1, and lim
t→∞
kMP0(x, y0, t+ 1)
kMP0(x, y0, t)
= 1 ∀x ∈M.
Therefore, (8.11) and (8.12) imply that there exists C0 > 0 such that
(8.13) kMP+(x, y0, t) ≤ C0k
M
P0
(x, y0, t) ∀x ∈M, t > T (x).
Consequently, (8.10) and (8.13) imply that
u+(x) ≤ C0u0(x) = C˜0ϕ(x) ∀x ∈ M.
Therefore, using (8.4) we obtain
(8.14)
(u+)
2(x)m+(x)A+(x) ≤ C2ϕ
2(x)m0(x)A0(x) for a.e. x ∈M,
where C2 > 0 is a positive constant. Thus, Theorem 2.11 implies that
P+ is critical in M which is a contradiction. The last statement of the
theorem follows from the parabolic Harnack inequality and parabolic
regularity. 
By the generalized maximum principle, assumption (8.5) in Theo-
rem 8.4 is satisfied with C = 1 if P+ = P0 + V , where P0 is a critical
operator on M and V is any nonnegative potential. Note that if the
potential is in addition nontrivial, then P+ is indeed subcritical in M .
Therefore, we have
Corollary 8.5 ([24]). Let P0 be a symmetric operator of the form (8.3)
which is critical in M , and let P+ := P0 + V1, where V1 is a nonzero
nonnegative potential. Then
(8.15) lim
t→∞
kMP+(x, y, t)
kMP0(x, y, t)
= 0
locally uniformly in M ×M .
Next, we discuss the nonsymmetric case. We study two cases where
Davies’ conjecture implies Conjecture 8.1. First, we show that in the
nonsymmetric case, the result of Corollary 8.5 for positive perturba-
tions of a critical operator P0 still holds provided that the validity of
Davies’ conjecture (Conjecture 7.1) is assumed instead of the symmetry
hypothesis. More precisely, we have
Theorem 8.6 ([24]). Let P0 be a critical operator in M , and let P+ =
P0 + V , where V is any nonzero nonnegative potential on M . Assume
38 YEHUDA PINCHOVER
that Davies’ conjecture (Conjecture 7.1) holds true for both kMP0 and
kMP+. Then
(8.16) lim
t→∞
kMP+(x, y, t)
kMP0(x, y, t)
= 0
locally uniformly in M ×M .
Proof. Recall that in light of Remark 8.2 we assume that λ0(P+,M) =
0. Suppose to the contrary that for some x0, y0 ∈ M there exists a
sequence {tn} such that tn →∞ and
(8.17) lim
n→∞
kMP+(x0, y0, tn)
kMP0(x0, y0, tn)
= K > 0.
Consider the functions v+ and v0 defined by
v+(x, t) :=
kMP+(x, y0, t)
kMP+(x0, y0, t)
, v0(x, t) :=
kMP0(x, y0, t)
kMP0(x0, y0, t)
x ∈M, t > 0.
By our assumption,
lim
t→∞
v+(x, t) = u+(x), lim
t→∞
v0(x, t) = u0(x),
where u+ ∈ CP+(M) and u0 ∈ CP0(M).
On the other hand, by the generalized maximum principle
(8.18)
kMP+(x, y0, t)
kMP0(x, y0, t)
≤ 1.
Therefore,
(8.19)
kMP+(x0, y0, tn)
kMP0(x0, y0, tn)
×
kMP+
(x,y0,tn)
kM
P+
(x0,y0,tn)
kM
P0
(x,y0,tn)
kM
P0
(x0,y0,tn)
=
kMP+(x, y0, tn)
kMP0(x, y0, tn)
≤ 1.
Letting n→∞ we obtain
(8.20) Ku+(x) ≤ u0(x) x ∈M.
It follows that v(x) := u0(x)−Ku+(x) is a nonnegative supersolution
of the equation P0u = 0 in M which is not a solution. In particular,
v 6= 0. By the strong maximum principle v(x) is a strictly positive
supersolution of the equation P0u = 0 in M which is not a solution.
This contradicts the criticality of P0 in M . 
The second nonsymmetric result concerns semismall perturbations.
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Theorem 8.7 ([24]). Let P+ and P0 = P+ + V be a subcritical oper-
ator and a critical operator in M , respectively. Suppose that V is a
semismall perturbation of the operator P ∗+ in M . Assume further that
Davies’ conjecture (Conjecture 7.1) holds true for both kMP0 and k
M
P+
and
that (8.5) holds true. Then
(8.21) lim
t→∞
kMP+(x, y, t)
kMP0(x, y, t)
= 0
locally uniformly in M ×M .
Proof. Recall that we (may) assume that λ0(P+,M) = 0. Assume to
the contrary that for some x0, y0 ∈M there exists a sequence {tn} such
that tn →∞ and
(8.22) lim
n→∞
kMP+(x0, y0, tn)
kMP0(x0, y0, tn)
= K > 0.
Consider the functions v+ and v0 defined by
(8.23)
v+(x, t) :=
kMP+(x, y0, t)
kMP+(x0, y0, t)
, v0(x, t) :=
kMP0(x, y0, t)
kMP0(x0, y0, t)
x ∈M, t > 0.
By our assumption,
lim
t→∞
v+(x, t) = u+(x), lim
t→∞
v0(x, t) = u0(x),
where u+ ∈ CP+(M) and u0 ∈ CP0(M).
On the other hand, by assumption (8.5) we have for t > T (x)
(8.24)
kMP+(x, y0, t)
kMP0(x, y0, t)
=
kMP+(x, y1, t)
kMP0(x, y1, t)
×
kM
P+
(x,y0,t)
kM
P+
(x,y1,t)
kM
P0
(x,y0,t)
kM
P0
(x,y1,t)
≤ C
kMP+(x, y0, t)
kMP+(x, y1, t)
×
kMP0(x, y1, t)
kMP0(x, y0, t)
.
By our assumption on Davies’ conjecture, we have for a fixed x
(8.25) lim
t→∞
kMP+(x, y0, t)
kMP+(x, y1, t)
=
u∗+(y0)
u∗+(y1)
, lim
t→∞
kMP0(x, y1, t)
kMP0(x, y0, t)
=
u∗0(y1)
u∗0(y0)
,
where u∗+ and u
∗
0 are positive solutions of the equation P
∗
+u = 0 and
P ∗0 u = 0 in M , respectively. By the elliptic Harnack inequality there
exists a positive constant C1 (depending on P
∗
+, P
∗
0 , y0, y1 but not on
x) such that
(8.26)
u∗+(y0)
u∗+(y1)
≤ C1,
u∗0(y1)
u∗0(y0)
≤ C1.
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Therefore, (8.24) and (8.26) imply that
(8.27)
kMP+(x, y0, tn)
kMP0(x, y0, tn)
≤ 2CC21
for n sufficiently large (which might depend on x).
Therefore,
(8.28)
kMP+(x0, y0, tn)
kMP0(x0, y0, tn)
×
kMP+
(x,y0,tn)
kM
P+
(x0,y0,tn)
kM
P0
(x,y0,tn)
kM
P0
(x0,y0,tn)
=
kMP+(x, y0, tn)
kMP0(x, y0, tn)
≤ 2CC21 .
Letting n→∞ and using (8.22) and (8.23), we obtain
(8.29) Ku+(x) ≤ 2CC
2
1u0(x) x ∈ M .
On the other hand, since V is a semismall perturbation of P ∗+ in M ,
Theorem 2.13 implies that u0(x) ≍ G
M
P+
(x, y0) in M \ B(y0, δ), with
some positive δ. Consequently,
(8.30) u+(x) ≤ C2G
M
P+
(x, y0) x ∈M \B(y0, δ)
for some C2 > 0. In other words, u+ is a global positive solution of the
equation P+u = 0 inM which has minimal growth in a neighborhood of
infinity in M . Therefore u+ is a ground state of the equation P+u = 0
in M , but this contradicts the subcriticality of P+ in M . 
9. On the equivalence of heat kernels
In this section we study a general question concerning the equiva-
lence of heat kernels which in turn will give sufficient conditions for
the validity of the boundedness condition (8.5) that is assumed in the-
orems 8.4 and 8.7.
Definition 9.1. Let Pi, i = 1, 2, be two elliptic operators of the form
(2.1) that are defined on M and satisfy λ0(Pi,M) = 0 for i = 1, 2.
We say that the heat kernels kMP1(x, y, t) and k
M
P2
(x, y, t) are equivalent
(respectively, semiequivalent) if
kMP1 ≍ k
M
P2 on M ×M × (0,∞)
(respectively,
kMP1(·, y0, ·) ≍ k
M
P2
(·, y0, ·) on M × (0,∞)
for some fixed y0 ∈ M).
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There is an intensive literature dealing with (almost optimal) condi-
tions under which two positive (minimal) Green functions are equiva-
lent or semiequivalent (see [3, 43, 46, 50] and the references therein).
On the other hand, sufficient conditions for the equivalence of heat
kernels are known only in a few cases (see [39, 40, 67]). In particular,
it seems that the answer to the following conjecture is not known.
Conjecture 9.2 ([24]). Let P1 and P2 be two subcritical operators of
the form (2.1) that are defined on a Riemannian manifold M such that
P1 = P2 outside a compact set in M , and λ0(Pi,M) = 0 for i = 1, 2 .
Then kMP1 and k
M
P2
are equivalent.
Remark 9.3. Suppose that P1 and P2 satisfy the assumption of Con-
jecture 9.2. B. Devyver and the author proved recently that there exists
C > 0 such that
(9.1)
C−1GMP2−λ(x, y) ≤ G
M
P1−λ
(x, y) ≤ CGMP2−λ(x, y) ∀x, y ∈M, and λ ≤ 0.
Clearly, by (1.7), the above estimate (9.1) is a necessary condition for
the validity of Conjecture 9.2.
It is well known that certain 3-G inequalities imply the equivalence
of Green functions, and the notions of small and semismall perturba-
tions is based on this fact. Moreover, small (respectively, semismall)
perturbations are sufficient conditions and in some sense also neces-
sary conditions for the equivalence (respectively, semiequivalence) of
the Green functions [43, 46, 50]. Therefore, it is natural to introduce
an analog definition for heat kernels (cf. [67]).
Definition 9.4. Let P be a subcritical operator in M . We say that
a potential V is a k-bounded perturbation (respectively, k-semibounded
perturbation) with respect to the heat kernel kMP (x, y, t) if there exists
a positive constant C such that the following 3-k inequality is satisfied:
(9.2)
∫ t
0
∫
M
kMP (x, z, t− s)|V (z)|k
M
P (z, y, s) dz ds ≤ Ck
M
P (x, y, t)
for all x, y ∈ M (respectively, for a fixed y ∈ M , and all x ∈ M) and
t > 0.
The following result shows that the notion of k-(semi)boundedness
is naturally related to the (semi)equivalence of heat kernels.
Theorem 9.5 ([24]). Let P be a subcritical operator in M , and as-
sume that the potential V is k-bounded perturbation (respectively, k-
semibounded perturbation) with respect to the heat kernel kMP (x, y, t).
Then there exists c > 0 such that for any |ε| < c the heat kernels
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kMP+εV (x, y, t) and k
M
P (x, y, t) are equivalent (respectively, semiequiva-
lent).
Proof. Consider the iterated kernels
k
(j)
P (x, y, t) :=


kMP (x, y, t) j = 0,∫ t
0
∫
M
k
(j−1)
P (x, z, t− s)V (z)k
M
P (z, y, s) dz ds j ≥ 1.
Using (9.2) and an induction argument, it follows that
∞∑
j=0
|ε|j|k(j)P (x, y, t)|
≤
(
1 + C|ε|+ C2|ε|2 + . . .
)
kMP (x, y, t) =
1
1− C|ε|
kMP (x, y, t)
provided that |ε| < C−1. Consequently, for such ε the Neumann series
∞∑
j=0
(−ε)jk
(j)
P (x, y, t)
converges locally uniformly in M ×M × R+ to kMP+εV (x, y, t) which in
turn implies that Duhamel’s formula
(9.3) kMP+εV (x, y, t) = k
M
P (x, y, t)−
ε
∫ t
0
∫
M
kMP (x, z, t− s)V (z)k
M
P+εV (z, y, s) dz ds
is valid. Moreover, we have
kMP+εV (x, y, t) ≤
1
1− C|ε|
kMP (x, y, t).
The lower bound
C1k
M
P (x, y, t) ≤ k
M
P+εV (x, y, t)
(for |ε| small enough) follows from the upper bound using (9.3) and
(9.2). 
Corollary 9.6 ([24]). Assume that P and V satisfy the conditions of
Theorem 9.5, and suppose further that V is nonnegative. Then there
exists c > 0 such that for any ε > −c the heat kernels kMP+εV (x, y, t)
and kMP (x, y, t) are equivalent (respectively, semiequivalent).
Proof. By Theorem 9.5 the heat kernels kMP+εV (x, y, t) and k
M
P (x, y, t)
are equivalent (respectively, semiequivalent) for any |ε| < c.
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Recall that by the generalized maximum principle,
(9.4) kMP+εV (x, y, t) ≤ k
M
P (x, y, t) ∀ε > 0.
On the other hand, given a potential W (not necessarily of definite
sign), and 0 ≤ α ≤ 1, denote Pα := P + αW , and assume that Pj ≥ 0
in M for j = 0, 1. Then for 0 ≤ α ≤ 1 we have Pα ≥ 0 in M , and the
following inequality holds [47]
(9.5)
kMPα(x, y, t) ≤ [k
M
P0
(x, y, t)]1−α[kMP1(x, y, t)]
α ∀ x, y ∈M, t > 0.
Using (9.4) and (9.5) we obtain the desired equivalence kMP+εV ≍ k
M
P
also for ε ≥ c. 
Finally we have:
Theorem 9.7 ([24]). Let P0 be a critical operator in M . Assume that
V = V+ − V− is a potential such that V± ≥ 0 and P+ := P0 + V is
subcritical in M .
Assume further that V− is k-semibounded perturbation with respect to
the heat kernel kMP+(x, y1, t). Then condition (8.5) is satisfied uniformly
in x. That is, there exist positive constants C and T such that
(9.6) kMP+(x, y1, t) ≤ Ck
M
P0
(x, y1, t) ∀x ∈M, t > T.
Proof. It follows from Corollary 9.6, that the heat kernels kMP+(x, y1, t)
and kMP++V−(x, y1, t) are semiequivalent. Note that P++ V− = P0+ V+,
Therefore we have
C−1kMP+(x, y1, t) ≤ k
M
P++V−(x, y1, t)
= kMP0+V+(x, y1, t) ≤ k
M
P0
(x, y1, t) ∀x ∈M, t > 0.

Acknowledgments
The author acknowledges the support of the Israel Science Founda-
tion (grant 963/11) founded by the Israeli Academy of Sciences and
Humanities.
References
[1] S. Agmon, On positivity and decay of solutions of second order elliptic equa-
tions on Riemannian manifolds, in “Methods of Functional Analysis and The-
ory of Elliptic Equations” , pp. 19–52, (ed. D. Greco), Liguori, Naples, 1983.
[2] , private communication.
[3] A. Ancona, First eigenvalues and comparison of Green’s functions for elliptic
operators on manifolds or domains, J. Anal. Math. 72 (1997), 45–92.
44 YEHUDA PINCHOVER
[4] J-P Anker, P. Bougerol, and T. Jeulin, The infinite Brownian loop on sym-
metric space, Rev. Mat. Iberoamericana 18 (2002), 41–97.
[5] W. Arendt, and C. J. K. Batty, Exponential stability of a diffusion equation
with absorption, Differential Integral Equations 6 (1993), 1009–1024.
[6] D. G. Aronson, Non-negative solutions of linear parabolic equations, Ann.
Scuola Norm. Sup. Pisa (3) 22 (1968), 607–694.
[7] R. Ban˜uelos, and B. Davis, Heat kernel, eigenfunctions, and conditioned Brow-
nian motion in planner domains, J. Funct. Anal. 84 (1989), 188–200.
[8] N. H. Bingham, C. M. Goldie, and J. L. Teugels, “Regular Variation”, Ency-
clopedia of Mathematics and its Applications 27, Cambridge University Press,
Cambridge, 1989.
[9] K. Burdzy and T. S. Salisbury, On minimal parabolic functions and time-
homogeneous parabolic h-transforms, Trans. Amer. Math. Soc. 351 (1999),
3499–3531.
[10] O. Calin, D. C. Chang, K. Furutani, and C. Iwasaki, “Heat kernels for elliptic
and sub-elliptic operators, Methods and techniques”, Applied and Numerical
Harmonic Analysis. Birkha¨user/Springer, New York, 2011.
[11] I. Chavel, “Isoperimetric Inequalities. Differential Geometric and Analytic
Perspectives”, Cambridge Tracts in Mathematics 145, Cambridge University
Press, Cambridge, 2001.
[12] I. Chavel and L. Karp, Large time behavior of the heat kernel: the parabolic
λ-potential alternative, Comment. Math. Helv. 66 (1991), 541–556.
[13] K. L. Chung, “Markov Chains with Stationary Transition Probabilities” 2nd
ed., Die Grundlehren der mathematischen Wissenschaften, 104, Springer-
Verlag, New York, 1967.
[14] P. Collet, S. Mart´ınez, and J. San Mart´ın, Ratio limit theorems for a Brownian
motion killed at the boundary of a Benedicks domain, Ann. Probab., 27 (1999),
1160–1182.
[15] , Asymptotic of the heat kernel in general Benedicks domains, Probab.
Theory Related Fields 125 (2003), 350–364.
[16] C. Constantinescu, and A. Cornea, “Potential Theory on Harmonic Spaces”,
Die Grundlehren der Mathematischen Wissenschaften 158, Springer-Verlag,
New York-Heidelberg, 1972.
[17] T. Coulhon, Heat kernels on non-compact Riemannian manifolds: a partial
survey, in “Se´minaire de The´orie Spectrale et Ge´ome´trie”, pp. 167–187, Se´min.
The´or. Spectr. Ge´om. 15, Univ. Grenoble I, Saint-Martin-d’He`res, 1997.
[18] , Large time behaviour of heat kernels on Riemannian manifolds: fast
and slow decays, Journe´es “E´quations aux De´rive´es Partielles” (Saint-Jean-de-
Monts, 1998), Exp. No. II, 12 pp., Univ. Nantes, Nantes, 1998.
[19] T. Coulhon, and A. Grigor’yan, On-diagonal lower bounds for heat kernels on
non-compact manifolds and Markov chains, Duke Math. J. 89 (1997), 133–199.
[20] E. B. Davies, “Heat Kernels and Spectral Theory”, Cambridge Tracts in Math-
ematics 92, Cambridge University Press, Cambridge, 1990.
[21] , Heat kernel bounds, conservation of probability and the Feller prop-
erty, J. Anal. Math. 58 (1992), 99–119.
[22] , Non-Gaussian aspects of heat kernel behaviour, J. London Math. Soc.
(2) 55 (1997), 105–125.
LARGE TIME BEHAVIOR OF THE HEAT KERNEL 45
[23] J. L. Doob, “Classical potential theory and its probabilistic counterpart”,
Grundlehren der Mathematischen Wissenschaften 262, Springer-Verlag, New
York, 1984.
[24] M. Fraas, D. Krejcˇiˇr´ık, and Y. Pinchover, On some strong ratio limit theorems
for heat kernels, Disc. Contin. Dyn. Syst. 28 (2010), 495–509.
[25] A. Grigor’yan, Estimates of heat kernels on Riemannian manifolds, in “Spec-
tral Theory and Geometry”, pp. 140–225, London Math. Soc. Lecture Note
Ser. 273, Cambridge Univ. Press, Cambridge, 1999.
[26] , Analytic and geometric background of recurrence and non-explosion
of the Brownian motion on Riemannian manifolds, Bull. Amer. Math. Soc. 36
(1999), 135–249.
[27] , “Heat Kernel and Analysis on Manifolds”, AMS/IP Studies in Ad-
vanced Mathematics, 47, American Mathematical Society, Providence, RI, In-
ternational Press, Boston, MA, 2009.
[28] A. Grigor’yan, and L. Saloff-Coste, Heat kernel on manifolds with ends, Ann.
Inst. Fourier (Grenoble) 59 (2009), 1917–1997.
[29] R. Z. Has’minski˘i, “Stochastic Stability of Differential Equations”, Mono-
graphs and Textbooks on Mechanics of Solids and Fluids: Mechanics and
Analysis, 7, Sijthoff & Noordhoff, Alphen aan den Rijn, 1980.
[30] K. Ishige, and M. Murata, Uniqueness of nonnegative solutions of the Cauchy
problem for parabolic equations on manifolds or domains, Ann. Scuola Norm.
Sup. Pisa Cl. Sci. (4) 30 (2001), 171–223.
[31] P. Li, Large time behavior of the heat equation on complete manifolds with
nonnegative Ricci curvature, Ann. of Math. (2) 124 (1986), 1–21.
[32] M. Keller, D. Lenz, H. Vogt, and R. Wojciechowski, Note on basic features of
large time behaviour of heat kernels. arXiv: 1101.0373.
[33] J. F. C. Kingman, Ergodic properties of continuous-time Markov processes and
their discrete skeletons, Proc. London Math. Soc. (3) 13 (1963), 593–604.
[34] W. Kirsch, and B. Simon, Approach to equilibrium for a forced Burgers equa-
tion, J. Evol. Equ. 1 (2001), 411–419.
[35] G. Kozma, A graph counterexample to Davies’ conjecture. arXiv:1111.4593.
[36] D. Krejcˇiˇr´ık, and E. Zuazua, The Hardy inequality and the heat equation in
twisted tubes, J. Math. Pures Appl. (9) 94 (2010), 277–303.
[37] P. Li, “Geometric Analysis” (Cambridge Studies in Advanced Mathematics;
134), Cambridge University Press, Cambridge, 2012.
[38] V. Lin and Y. Pinchover, Manifolds with group actions and elliptic operators,
Memoirs Amer. Math. Soc. 112, (1994), 1–78.
[39] V. Liskevich, and Y. Semenov, Two-sided estimates of the heat kernel of the
Schro¨dinger operator, Bull. London Math. Soc., 30 (1998), 596–602.
[40] P. D. Milman, and Yu. A. Semenov, Heat kernel bounds and desingularizing
weights, J. Funct. Anal., 202 (2003), 1–24.
[41] M. Murata, Positive solutions and large time behaviors of Schro¨dinger semi-
groups, Simon’s problem, J. Funct. Anal., 56 (1984), 300–310.
[42] , Structure of positive solutions to (−∆+ V )u = 0 in Rn, Duke Math.
J. 53 (1986), 869–943.
[43] , Semismall perturbations in the Martin theory for elliptic equations,
Israel J. Math., 102 (1997), 29–60.
46 YEHUDA PINCHOVER
[44] , Martin boundaries of elliptic skew products, semismall perturbations,
and foundamental solutions of parabolic equations, J. Funct. Anal. 194 (2002),
53–141.
[45] , Integral representations of nonnegative solutions for parabolic equa-
tions and elliptic Martin boundaries, J. Funct. Anal. 245 (2007), 177–212.
[46] Y. Pinchover, Criticality and ground states for second-order elliptic equations,
J. Differential Equations, 80 (1989), 237–250.
[47] , On criticality and ground states of second order elliptic equations. II,
J. Differential Equations 87 (1990), 353–364.
[48] , Large time behavior of the heat kernel and the behavior of the Green
function near criticality for nonsymmetric elliptic operators, J. Funct. Anal.
104 (1992), 54–70.
[49] , On nonexistence of any λ0-invariant positive harmonic function, a
counterexample to Stroock’s conjecture, Comm. Partial Differential Equations
20 (1995), 1831–1846.
[50] , Maximum and anti-maximum principles and eigenfunctions estimates
via perturbation theory of positive solutions of elliptic equations, Math. Ann.,
314 (1999), 555–590.
[51] , Large time behavior of the heat kernel, J. Funct. Anal. 206 (2004),
191–209.
[52] , On Davies’ conjecture and strong ratio limit properties for the heat
kernel, in “Potential Theory in Matsue”, Proceedings of the International
Workshop on Potential Theory, 2004, pp.339–352, (eds. H. Aikawa, et al.),
Advanced Studies in Pure Mathematics 44, Mathematical Society of Japan,
Tokyo, 2006.
[53] , A Liouville-type theorem for Schro¨dinger operators, Comm. Math.
Phys., 272 (2007), 75–84.
[54] R. G. Pinsky, “Positive Harmonic Function and Diffusion”, Cambridge Uni-
versity Press, Cambridge, 1995.
[55] F. O. Porper, and S. D. E`iˇdel‘man, Two-sided estimates of the fundamental
solutions of second-order parabolic equations and some applications of them,
Uspekhi Mat. Nauk 39 (1984), 107–156.
[56] V. C. Repnikov, S. D. E`iˇdel‘man, Necessary and sufficient conditions for es-
tablishing a solution to the Cauchy problem, Soviet Math. Dokl. 7 (1966),
388–391.
[57] D. W. Robinson, “Elliptic Operators and Lie Groups”, Oxford Mathematical
Monographs, Oxford University Press, New York, 1991.
[58] B. Simon, “Functional integration and quantum physics”, Pure and Applied
Mathematics, 86, Academic Press, Inc., New York-London, 1979.
[59] , Schro¨dinger semigroups, Bull. Amer. Math. Soc. 7 (1982), 447–526.
[60] , Large time behavior of the heat kernel: on a theorem of Chavel and
Karp, Proc. Amer. Math. Soc. 118 (1993), 513–514.
[61] U. Stadtmu¨ller, and R. Trautner, Ratio Tauberian theorems for Laplace trans-
forms without monotonicity assumptions, Quart. J. Math. Oxford Ser. (2) 36
(1985), 363–381.
[62] S. R. S. Varadhan, “Lectures on Diffusion Problems and Partial Differen-
tial Equations”, Tata Institute of Fundamental Research 64, Springer-Verlag,
Berlin, 1980.
LARGE TIME BEHAVIOR OF THE HEAT KERNEL 47
[63] N. Th. Varopoulos, L. Saloff-Coste, and T. Coulhon, “Analysis and Geometry
on Groups”, Cambridge Tracts in Mathematics 100, Cambridge University
Press, Cambridge, 1992.
[64] W. Woess, “RandomWalks on Infinite Graphs and Groups”, Cambridge Tracts
in Mathematics 138, Cambridge University Press, Cambridge, 2000.
[65] K. Wong, Large time behavior of Dirichlet heat kernels on unbounded domains
above the graph of a bounded Lipschitz function, Glas. Mat. Ser. III 41 (61)
(2006), 177–186.
[66] Q. S. Zhang, Large time behavior of Schro¨dinger heat kernels and applications,
Comm. Math. Phys. 210 (2000), 371–398.
[67] , A sharp comparison result concerning Schro¨dinger heat kernels, Bull.
London Math. Soc., 35 (2003), 461–472.
Department of Mathematics, Technion - Israel Institute of Tech-
nology, Haifa 32000, Israel
E-mail address : pincho@techunix.technion.ac.il
